GLOBAL SOLUTIONS OF THE EULER-MAXWELL TWO-FLUID SYSTEM IN 3D 



YAN GUO, ALEXANDRU D. lONESCU, AND BENOIT PAUSADER 

Abstract. The fundamental "two-fluid" model for describing plasma dynamics is given by the Euler- 
Maxwell system, in which compressible ion and electron fluids interact with their own self-consistent 
electromagnetic field. We prove global stability of a constant neutral background, in the sense that 
irrotational, smooth and localized perturbations of a constant background with small amplitude lead 
to global smooth solutions in three space dimensions for the Euler-Maxwell system. Our construction 
applies equally well to other plasma models such as the Euler-Poisson system for two-fluids and a 
relativistic Euler-Maxwell system for two fluids. Our solutions appear to be the first nontrivial global 
smooth solutions in all of these models. 
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1. Introduction 



1.1. Statement of the main result. A plasma is a collection of fast-moving charged particles. It 
is believed that more than 90% of the matter in the universe is in the form of plasma, from sparse 
intergalactic plasma, to the interior of stars to neon signs. In addition, understanding of the instability 
formation in plasma is one of the main challenges for nuclear fusion, in which charged particles are 
accelerated at high speed to create energy. We refer to [2j El HI |43l |44] for physics references in book 
form. 

At high temperature and velocity, ions and electrons in a plasma tend to become two separate fluids 
due to their different physical properties (inertia, charge). One of the basic fluid models for describing 
plasma dynamics is the so-called "two-fluid" model, in which two compressible ion and electron fluids 
interact with their own self-consistent electromagnetic field. Such an Euler-Maxwell system describes the 



dynamical evolution of the functions ne,ni : R 
the quasi-linear coupled system, 

dtUe + div(neWe) = 0, 

^tn^ + diY{niVi) = 0, 

\dtVi +v.i-Vvi]+ = Zn.ie 

cV X B = Aire \n„Ve — ZnivA 



E,B 



, which evolve according to 



UiMi 

dtB 

dtE 



E 



— X B 

c 



— X B 



(1.1) 



together with the elliptic equations 

div(B) = 0, div(£;) = AireiZn, - rie) (1.2) 

and two equations of state expressing Pf. and pi in terms of n,, and n^. These equations describe a plasma 
composed of electrons and one species of ions. The electrons have charge — e, density ng, mass TOg, 
velocity Ve, and pressure Pe, and the ions have charge Ze, density n^, mass Mi, velocity Vi, and pressure 
Pi. In addition, c denotes the speed of light and E and B denote the electric and magnetic field. The 
two equations (|1.2|) are propagated by the dynamic flow, provided that we assume that they are satisfled 
at the initial time. 

The full Euler-Maxwell system p.ip with constraint (|1.2I) forms the foundation of the "two-fluid" 
model in the plasma theory, which captures the complex dynamics of a plasma due to electromagnetic 
interactions present in the model. Even at the linear level, there are new ion-acoustic waves, Langmuir 
waves, as well as light waves etc. At the nonlinear level, the Euler-Maxwell system is the origin of many 
well-known dispersive PDE, such as KdV [Ml , KP [36l |39] , Zakharov [45], Zakharov-Kuznetsov [361139] 
and NLS, which can be derived from (|1.1|) and (|1.2[) via different scaling and asymptotic expansions. We 
also refer to [21 (HI [H] for derivation of the cold-ion and quasi-neutral equations. 

From a PDE viewpoint, the full Euler-Maxwell system (|l.ip with constraint (II. 2p can be classified 
as a system of nonlinear hyperbolic conservation laws with no dissipation and no relaxation effect^. 
Despite major advances in the mathematical study of hyperbolic conservation laws in one space dimension 
over the years, no general mathematical theory exists for the construction of global solutions in higher 
space dimension. One of the reasons is that, for these equations, shock waves (i.e., discontinuities) will 
generically develop even from smooth initial data (see e.g. John [32]). Even worse, a classical result of 
Sideris [42] demonstrates that, for the compressible Euler equation for a neutral gas, shock waves will 



^When dissipation or relaxation is present, one expects stronger decay, even at the level of the L^-norm, see e.g. |38| 
and the references therein. In our case however, the evolution is time-reversible and we need a different mechanism of decay 
based on dispersion. 
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develop even for smooth irrotational initial data with small amplitude. This shock formation was recently 
further described in [6l [7] (see also [1] ) . 

In this paper we consider perturbations of the flat neutral equilibrium, namely (ri^, , n^, E'", = 
(Zno, 0, riQ, 0, 0, 0), for constant no > to the Euler-Maxwell system (|l.ip and (|1.2p . In order to state 
our main result, we normalize the Euler-Maxwell system in the following way. Assume the pressures are 
given by the formula^: 



Pe = Pe 



P^ - PZ 



2 'H 



(1.3) 



2 2 

with constants Pe and Pi. The physical parameters are then the effective ion and electron temperatures 

kBTe = mPe, ksTi^noZPi, 
where ks denotes the Boltzmann constant, with corresponding electron and ion thermal speed^ 



Ve = 

We also have the Debye length 

1 



noPe 



knTf. 



noPiZ 



M, 



M,, 



47re 



no 



ZriQ 





■ 1 1 " 











ksTe ksTi 

The Euler-Maxwell system can be adimensionalized to depend only on three parameters: the ratio of 
the electron to ion masses (per charge) 

the ratio of the temperatures 

T := Pe/P, = ZTe/T,, 
and the (normalized) ratio of the speed of light to the ion velocity 

„2 



(1.4) 
(1.5) 



VeV^ mP 



(1.6) 



More precisely, let 



' 47re2 



/?:= 



/ ATTUnZe^ 



and 



Ueix, t) — uq [n{Xx, /3t) + l] , 
ve{x,t) = {l3/X)v{Xx,l3t), 
E{x,t) = {4mno/X)E{Xx,l3t), 



n,{x,t) = {no/Z)[p{Xx,pt) + l], 
v,{x,t) = {p/X)u{Xx,l3t), 
B{x,t) = {cM,l3/{Ze))i3{Xx,pt). 



(1.7) 



In fact, our approach allows to treat any sufBciently smooth barotropic pressure law, in particular the typical power law 
Pe ~ n2' for some 7e > and similarly for pi. We refer to Appendix |D] for more precise statements. We use the particular 
quadratic laws for the pressure here only for the sake of concreteness and since it minimizes the nonlinear terms we have to 
consider. 

■^These correspond to the speed of incrtial (linearized) waves if one neglects the electromagnetic field. 
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The parameter /? is the ion plasma frequency and /3/X — Vi is the ion thermal velocity. In terms of 
n, V, p, u, E, B the system (|l.ip - (jl.2|) becomes 

dtn + div((n + = 0, 

£ {dtv + V ■ Vv) + TVn + E + vx B = 0, 

dtp + div((p + l)u) ^ 0, 

{dtu + u ■ \7u) + \/p - E ~ ux B = 0, 

dtB + V X E = 0, 

C 

dtE xB=\{n + l)v - {p + l)u] , 

e 

div(i?) = 0, A\y{E) = p-n, 
where e, T and Ct have been defined above. We will assume throughout the paper that 

e<IO~^ re[I,100], Cb>6T. (1.9) 
We will make two additional simplifications. Using the system (11.81) it is easy to see that 

dt [B - eV X v] = V X [v x {B ~ eV x v)] , 
dt[B + y X u] = V X [ux {B + V X u)], 
Therefore ^^generalized irrotational /Zows" with the property that 

B = £Vxu = -VxM (1.10) 



(1.11) 



are naturally preserved for all time, see Proposition [2TT] (iii) below for precise details. 
Our main theorem is as follows: 

Theorem 1.1. Assume lil.9\) . Let Nq = 10^ and assume that 

||(n°,«o,p°,u",^",B°)||^«„+||(n",«",p",u",^",B°)||z = 5o<^, 
div{E") + n" - p" 0, 13" ^ eV X v° = -V X u°, 

where 6 — S{Cb,T,e) > is sufficiently small, and the Z norm is defined in Definition \4-.l\ Then there 
exists a unique global solution {n,v, p,u, E, B) £ C{[0,oo) : H^") of the system il.8\) with initial data 
{n{0),v{0),p{0),u{0),E{0),B{0)) = {n" ,v° , p° ,u° , E° , 13"). Moreover, for any t e [0,oo), 

div{E){t) + n{t) — p{t) = 0, B{t) = eV x v{t) = —V x u{t), (generalized irrotationality) (1.12) 

and, with /3 1/100, 

\\{n{t),v{t),p{t),u{t),E{t),B{t))\\HNo 

+ sup(l + t)i+^/2||(i?>(t),i^:i;(i),i?^p(i),^>W,^"^W,^"^(t)|U~ <5o. (^-^^^ 

|a|<4 

Our main result demonstrates that even though the Euler-Maxwell system (jl.ip and (|1.2p is much 
more complicated than the pure Euler system for a neutral gas, it is in fact more stable in the sense that 
global smooth solutions can persist globally without any shock formations. This is a stark and surprising 
contrast to Sideris's result for the pure Euler equations |42| . 

Remark 1.2. We make a few remarks about the assumptions in Theorem \l.l\ 

• Condition fil.9\] is needed for our careful analysis of the dispersion relations that appear in the 
study of the linearized system (see Lemma \A.^\ in Avvendix VS\] . It is consistent with the relevant 
physical ranges of the parameters. 
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• Our hypothesis imply in particular that the perturbation is electrically neutral, i.e. 

[ [Zno(l + - no{l + n°{x))] dx = 0. 

This is however forced by Maxwell's relation ()1.2|) if we assume that the electric perturbation is 
integrable. 

• The smallness assumption is needed: large deviations from an equilibrium do create shocks |25j . 

1.2. Important simplified models. The result of blow-up of Sideris for the pure compressible Euler 
equations .42, can be understood from the fact that small and irrotational perturbations of a constant 
background for the pure compressible Euler equations obey a quasilinear wave equation without null- 
structure of the form 

(att- A)a = Q(a,Va,V2a) (1.14) 
where a is related to the unknown and the right-hand side denotes a quadratic nonlinearity in up to 
two derivatives of a. This type of equation has slow decay of linear waves (decay like \/t) and strong 
resonances and therefore blow-up or formation of shocks is expected. 

The Euler-Maxwell system (|1.8|) contains a nonlinearity Q essentially similar to the pure compressible 
Euler case. However, due to self-consistent electromagnetic interaction, the linearized Euler-Maxwell 
system exhibits much more complex and subtle linear and bilinear dispersive effects than that from the 
wave equation. The main task in the present work is to systematically track down and exploit such 
dispersive effects mathematically to preserve smoothness globally in time and prevent shock formation. 

In order to put our result in the right context as well as to understand the wealth of dynamics involved 
in small perturbations of (|l.ip - ()1.2p . we need to introduce some intermediate models. The Euler-Maxwell 
system (jl.ip and (|1.2|) is such a "master equations" describing very rich and complex plasma dynamics, 
that it contains several well-known simplified models in plasma physics. For instance, in all physical 
situation^, me <C Mi. It is then natural to formally set e = in (jl.Sp . which leads to simplified one fluid 
models for either ions [Mi — 1, me = 0) or electrons {Mi = oo, = 1). Moreover, if all the velocities 
are much smaller than the speed of light, then C;, ^ 1. Formally setting Cb = oo and B = replaces 
the Maxwell equations by the much simpler Poisson equation. We refer to [3j 111) for other examples. 

In the following, we will consider the simplified models in a form which is consistent with the refor- 
mulation (II. 8p given appropriate approximations. This might look somewhat different from the classical 
form of these models. However, after an appropriate rescaling the equations should be the same up to 
cubic and higher-order terms which can be ignored in our situation (see Appendix [D| . 

1.2.1. Single-fluid models. The simplest model we can derive is the Euler-Poisson model for the electrons 

dtu -f div((l -f n)v) = 0, 
dtV-\-vVv + Vn^V(j}, (1.15) 
A(j) — n. 

Here the magnetic field vanishes B = 0, and the ions are treated as motionless with a constant density 
and only form a fixed charged background. Such a simplified system is used for describing Langmuir 
waves in the two-fluid theory. After suitable change of unknown, (jl.lSp can be reformulated as 

{dtt- A + l)a^ Q{a,Wa,W^a). (1.16) 

The linearized Euler-Poisson system for irrotational flows is no longer the acoustic (wave) equation as 
in the pure Euler system (|1.14p . but the Klein- Gordon system with "mass term" created by the plasma 
frequency due to to the electrostatic interaction. Taking advantage of the much better properties of 



Indeed, the ratio me /Mi is no bigger than the ratio of the electron mass to the proton mass which equals 1/1836. 
'This is called the electrostatic approximation. 
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Klein-Gordon equations (faster time decay of linear waves like t "'Z^, absence of quadratic resonances), 
global smooth irrotational flows were constructed in [22^ via the normal form method of Shatah [4T| : 

Theorem 1.3 (Stability of a neutral equilibrium [25). Solutions of (jl.l5|) with initial data (n*',u°) 
small, smooth, neutral and irrotational in the sense that 

I n°{x)dx = 0, Vxw" = 

remain globally smooth and decay to in L°° as t ^ +oo. 

The neutral assumption was later removed in |15| and this result was extended to two spatial dimensions 
independently in [28l[32 (see also [30l[3T]). Theorem 11.31 was the first positive result indicating that the 
dispersive effect alone in the two-fluid theory may prevent shock formatiorQ and it started an investigation 
to understand to which extent the introduction of electromagnetic forces could stabilize the full Euler- 
Maxwell system. 

Recently, further progress was made in this direction in the study of another simplified model: the 
Euler-Poisson equation for the ion^ 

dtp + d\Y{{l+ p)u)^Q, 

dtu + u- \7u + \7 p = -\7(t), (1.17) 
~A0 ^ p-(j). 

Here the electron dynamics with constant temperature is decoupled from the ion dynamics via the Boltz- 
mann relation. The model equation then becomes 

{dtt - A + (-A)(l - A)-i) a - |V|Q(a, Va) (1.18) 

This system has intermediate behavior between (|1.14p and (I1.16p . The linearized solutions decay slowly 
(like t~'^/^) and create many strong degeneracies near the zero frequency, where the dispersion relation 
is similar to the wave dispersion up to third order (see in Lemma IA.4I) . Nevertheless, the first and 
third authors were able to obtain an analogue of Theorem 11.31 for perturbations of a neutral equilibrium 
by using a variation on the normal form method, controlling bilinear multipliers with rough coefficients 
using arguments inspired by [26]. Here, a crucial property is the fact that the nonlinearity is an exact 
derivative, which helps compensate for the degeneracy at the frequency. 

1.2.2. Two-fluid models with different speeds. Both systems (|1.15|) and (|1.17|) can be reduced (under the 
irrotational assumption) to a (complex) scalar quasilinear equation with one speed. This is no longer the 
case for more complicated two-fluid models which yield quasilinear system with different speeds. Bilinear 
interactions in quasilinear systems generically create resonant sets of 2D spheres in the phase space, 
which are very challenging to control analytically. This was flrst studied in [13j for the case of semilinear 
systems of Klein-Gordon equations with different speeds (see also [TO] for a study of a system with 
different masses) and led in ^14j to the first construction of global smooth solutions for the Euler-Maxwell 



Another way to prevent shock formation is to introduce exponential damping of the perturbation via dissipation or 
relaxation (see e.g. 1381 ). We will not discuss this at all in this paper. 

^In many works (including |23| and |12l 1241 1361 ) , the the Poisson relation in 1 11. 171 1 is replaced by 

-A0= l + p-e"^, 



but, for small perturbations, this agrees with 111.1711 up to nonlinear corrections which can be easily handled. 
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equation for electrons, 

dtn + div((l + n)v) — 0, 
dtv + v - Vv + Vn= - \E + V y. B] , 

d 19) 

+ V X = 0, ^ ' 

dtE-CV X B = {1 + n)v 
with constraints div{B) = and div(£^) — n : 

Theorem 1.4 (Stability in the Euler-Maxwell system for electrons [Ml [29]). A solution of (|1.19l) with 
initial data (n°, w", E'", i?*^) small, smooth, compactly supported, neutral and irrotational in the sense that 

n°{x)dx^O, I B"{x)dx = 0, \/xv" + CB° = 



remains global and smooth and decays to in L°° . 

This was first shown in [T3] under additional generic conditions on the parameters. Later in [5U], 
the generic condition was removed and a stronger (integrable) decay was obtained, providing a robust 
approach even in the quasilinear case. The model system is 

{du - A + 1) a = Qi(a, /3, Va, V/3, V^a, V^ji) 

(dtt - CA + 1) /3 = Q2(a, 13, Va, V/3, V^a, V^/?). ^"^'^^^ 

ft is important to note that the speed of the electron fluids is different from the speed of the magnetic 
field, so that new analytical tools are needed to estimate the 2D resonant sphere in the phase space. The 
main result of |29] is the natural analogue of Theorem 11.31 and it is the foundation of the approach we 
use in this work. Note that in this case, we also need to introduce a decay condition on the initial data 
in order to be able to perform a more refined analysis of the solutions. 

1.3. Description of the Method. We use a combination of dispersive analysis and energy estimate, 
relying heavily on the Fourier transform (see [SJ [TBI [13 [2S1 [Ml [33 [S] for previous seminal works). To 
overcome the quasilinear nature of the nonlinearity and ensure global existence, we use classical high 
order energy estimates to make up for the loss of derivatives in the nonlinearity. Global existence follows 
if a certain norm of lower regularity remains bounded and decays faster than 1/t. 

Such a crucial decay property is established by a semilinear analysis of systems of dispersive equations. 
Expecting some form of scattering, we express the solution as a free evolutiorQ from a profile which varies 
more slowly in time. After suitable algebraic manipulations, and appropriate use of the Fourier transform, 
we need to study bilinear operators T of the form 

m9m= f I e'*''^^^'^^m{(,rm^-rj,t)g{rj,t)dr^dt. (1.21) 



with a phase $ which is specific to each interaction and which is of the form 

<f(e,r/) =Ao(0±Ai(e-?7)±A2(r,), e {A„Ae,Ab}, (1.22) 

where the functions Aj are defined from the linearized system and given in p.l2p . As a first approxima- 
tion, one may think of /, g as being smooth bump functions and m being essentially a smooth cut-off, and 
the main challenge is to estimate efficiently the infinite time integral. It then becomes clear that a key 
role is played by the properties of the function $ and in particular by the points where it is stationary, 

V(t,^)[t$(C,?7)] =0, i.e. $(f,r,)=OandV^$(^,r,)=0. (1.23) 

The collection of such points form the space-time resonant set. This was already highlighted in [16] and 
forms the basis of the space-time resonance method. In some situations, one has no or few fully stationary 



'I.e. a solution to the linearized equation. 
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points and the task is mainly to propagate enough smoothness of /, g to exploit (non) -stationary phase 
arguments. 

However, as in the case of the Euler-Maxwell equation for electrons (|1.19p . the space-time resonance 
set can be a 2D sphere. In addition, the linearized system for the full two fluid model is now coupled, 
which makes the derivation of the dispersive system in Section |3] more involved and requires a careful 
study of the dispersion relations Aj appearing in ()1.22|) (see Lemma [A. 4|) . Moreover, the appearance of 
an "ion- like" dispersion relation A.;, similar to that in ()1.17|) . leads to additional mathematical difficulties 
of slower time decay of linear solutions, rough bilinear multipliers and rough phase around the zero 
frequency. 

To overcome these new difficulties, we employ and extend the method developed in [28l[29]. We seek 
an appropriate space B satisfying two requirements: first, the bilinear operator T in ()1.2ip needs to be 
bounded 

T:BxB^B, (1.24) 

second, the free flow of the linearized Euler-Mawell system (|1.8p with initial data bounded in the space B 
should belong to a space like LlL^, which has sufficiently strong time decay to close the energy estimate. 

This strategy, initiated in the previous works [2Sl[3n] shares similarities with the space-time resonance 
method as developed in [T31 [HI [ISl [IZl UHl US] but with new types of function space localized in both space 
and frequency, which are naturally compatible with the introduction of fractional powers of the weights 
(like x^^^^L^ for the i?^-norm below), and with new bilinear estimates. We find this approach more 
precise and fiexible analytically, which is crucial to analyze the complicated phase function (jl.22l) arising 
in the Euler-Maxwell system. Together with orthogonality arguments and localized decay estimates, this 
allows to overcome the central difficulty of controlling delicate space-time resonant points in (|1.23|) . 

We also mention the works in fO', which consider global existence in dispersive equations or systems 
with nonlinearity with small power without assuming any weights on the initial data (see also |21| and 
the references therein). It appears, however that such approach would be very difficult to carry on in 
the context of a system like (II. 1[) due to the loss of derivative in the nonlinearity. In addition, even in a 
purely semilinear setting, the analysis of the most delicate space-time resonances seems presently out of 
reach when the functions have too rough Fourier transforms. 

1.3.1. Choice of the norms. In order to define such a space i?, we measure localization both in space and 
in frequency. We quantify all these "coordinates" all the way to the uncertainty principle and decompose 
an arbitrary function as a sum of "atoms" : 

E QxPnI, iQxf){x)^ix<\.\<2x{x)fix), (iW)(0- 

X-N>1 

We can then define the norms for the space B on each atom. The simplest norm giving the appropriate 
decay would be a weighted space x~^~^L'^ and this is the main motivation for our "strong" norm B^ . 
Unfortunately, some interactions seem to produce outputs which are not bounded in this norm around 
a 2D resonant sphere. To account for this, we also introduce another kind of atoms, the "weak" atoms, 
bounded only in B^ which barely fail to be in x~^L^, but are essentially concentrated on the 2L'-resonant 
spheres. Finally, each atom is allowed to be a combination of the two above types: 

11/11= sup ||Qx-Pjv/||sx,«: llffllsx.jv = llffllsi „ = inf- {\\gi\\B], ^ + \\92\\bI J- 

XN>1 • • 9=91+92 

We refer to Definition 14.11 for the precise definition of the Z norm that we use and to Lemma IA.5I in 
Appendix |A] for the proof that these norms yield the desired integrability upon application of the linear 
flow. 
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1.3.2. Analysis of the bilinear operators. Once the form of the norm has been assessed, the main difficuhy 
is to understand the bihnear interactions in (|1.21|) and to fine-tune the norms to ensure that they are 
appropriately bounded as in (jl.24l) . After quantifying all the information, one needs to treat a huge sum 
of elementary interactions (even for a single atom as an output). However, appropriate use of energy- 
estimate, simple orthogonality arguments and finite speed of propagation quickly limit the cases to only 
a few possibilities, see Proposition 15.41 and Lemma 15.51 Then non-stationary phase analysis allows to 
focus on the space-time resonant sets as in (|1.23|) . This is where the bulk of the work is done, following 
a previous work [29| where such an analysis was performed on the simplified Eulcr-Maxwell equation for 
the electrons. 

After a careful analysis of the interactions done in Appendix [BJ we isolate three different problematic 
space-time resonant sets S. 

• Case A: we have the case of a "classical" 2D sphere 

which already appears in the analysis of (jl.20l) and which is responsible for the introduction of 
the "weak" atoms. Fortunately, here the phase is nondegenerate and we can perform an efficient 
stationary phase analysis and use additional refined orthogonality arguments as in [29) . 

• Case B: we have a first degenerate sphere 

5i3={(e,'7)-(i?'^,0), weS^}, i?V0 

where in addition, the phase is not smooth in rj. 

In this case, we use the fact that the speed of propagation of the singular perturbation is slower 
than expected, the fact that the phase is weakly elliptic and a careful adaptation of the refined 
orthogonality analysis of Case A, keeping track of how the bound deteriorate as 77 — >■ 0. 

• Case C: the presence of an "ion- like" dispersion relation brings in a strong degenerate set at 

So = {(C, v) = (0, r'uj), w e §2}, r' ^0 or r' = 0. 

Here the problem comes from the strong degeneracy of the phase. Similar problems already 
appeared for the Euler-Poisson equation for the ions (I1.17p . but for (|1.1[) we need more refined 
multiplier estimate and orthogonality arguments, combined with additional finite speed of prop- 
agation estimates and use of the null-form structure coming from the presence of a derivative in 
front of the nonlinearity as in (jl.lSp in order to overcome the loss coming from the roughness of 
the multiplier after application of a normal form transformation. 

Our approach seems flexible and robust and we illustrate this by extending the main results to other 
problems of interest with a similar structure in Appendix |Dl Most notably variants of (jl.ip which enjoy 
natural (Galilean or Lorentz) symmetry. 

1.3.3. Organization of the paper. In Section [2l we obtain a classical local well-posedness result in the 
energy space. In Section|ni we reduce the Euler-Maxwell system p.8p into a quasilinear dispersive system 
and identify the linearized system, together with the main structure of the nonlinearity. In Section 21 we 
introduce the function space Z (see 14.51) and prove the main Theorem 11.11 assuming boundedness of the 
relevant bilinear integral operators as in (|1.2ip - (|1.24p . In Section [51 we study the case of nonresonant 
interactions for localized atoms. Sections [6|[2llHI are then devoted to the study of the resonant interactions. 

In Section [HI we study Case A resonant interactions. We first make use of an efficient parametrization 
p<^;tt,f in (16.51) . (|6.9p - (|6.1ip . then control precisely the output of interactions of "atoms" by carefully 
designed j norm defined in (|4.5p as well as additional orthogonality argument in the spirit of [55] . 

In Scction[71 we study Case B resonant interactions. We make use of a precise analytic characterization 
of Case B fLemma l7.2p . decay estimates Lemma A. 5, as well as an orthogonality argument to control the 
norm to complete the analysis. 
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Section|8]is devoted to the study of Case C. We take advantage of the geometry of angles between t], ^ 
and ^ — 77 to obtain extra regularity to overcome the singularity near zero frequency. 

Finally, in Appendix \^ we isolate relevant information on the structure of the dispersion relations 
Ai, Ae and Xb and provide various stationary-phase estimates that are needed throughout the proof; in 
Appendix iBl we classify the quadratic resonances that may appear; in Appendix [Cl we provide, for the 
convenience of the reader the precise form of the 61 multipliers that appear in the quadratic interactions, 
and in Appendix [d1 we extend the results to cover various other systems with a similar structure. 

Acknowledgments: The third author expresses his thanks to B. Texier and A. Cerfon for interesting 
discussions and helpful references. 

2. Energy estimates and the local existence theory 

The local existence theory for (II. 8|) is based on energy estimates. These in turn are obtained from the 
physical energy. The (local) energy identity reads 

dtc + div [^e + + ^b] = 0, 

P\ r , .M^ , 1^1' , Cb\B\^ 



c:=r-+e(n + l)^ + ^ + (p+l)^ 



2 ' '2 2 ^'^ ' 2 2 e2' 

From this, we obtain our higher order energies. For any (n, w, p, m, E, B) £ we define 
^n:=Y. I [T|i?>P+e(l + n)|i^>p + |i^2Pp + (/'+!) l^>P + |i^2^P + -|^2Sp]rf2;. (2.1) 

The following proposition is our local regularity result: 
Proposition 2.1. (i) There is 5i E (0,1] such that if 

\\in^,v',p',u',E",B")\\f^,<S, (2.2) 
then there is a unique solution {n,v, p,u, E, B) G C([0,1] ; H^) of the system (jl.Sp with 
(n(0), «(0), p(0), ^i(O), ^(0), 5(0)) = (n°, z;", E°, B°). 

Moreover, 

„^-^\ „.u\ ^>^-^\\\\ <r ii/„o „.o „o „,o ^0 50mi 



sup \\(n{t),v{t),p(t)MAmM))\\u^ < \\{n",v',p",u",E",B') 



te[OA] 

(it) If N >A and (n^ ,v° , p° , E° , B°) g satisfies ^ then {n,v, p,u, E, 13) e C([0, 1] : H^), 
and 

£N{t')-£N{t)< I A{s)£N{s)ds. (2.3) 



(2.4) 



for any t < t' £ [0, 1], where 

A{s) : = ||Vn(s)||Loo + ||v(s)||loo + ||Vw(s)||loo + ||Vp(s)||l.^ + |1w(s)||loo + |lVu(s)||ioo 
+ ||V^(s)||l~ + \\B{s)\\l^ + ||VB(.s)||i~. 
(Hi) If {n°,v°,p°,u°,E°,B") G H'^ satisfies and, in addition, 

div{E") + n° - p° = 0, eV X = -V X u", 

then, for any t G [0, 1], 

div{E){t) + n{t) - p{t) = 0, B{t) = e\7 X v{t) = -\7 X u{t). (2.5) 
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Proof of Proposition \2.1\ We multiply each equation by a suitable factor and rewrite the system (|1.8|) as 
a symmetric hyperbolic system, 



Tdtn + Tj2^kdkn + r(l + n) ^ dkVk = 0, 

k=l fe=l 

3 3 

£(1 + n)dtVj + T{1 + n)djn + e{l + n) ^ VkdkVj = -(1 + n)Ej - (1 + n) ^ ejmk VmBk, 

k—l fc,m— 1 

3 3 

dtp + ^ UkdkP + (1 + p) ^ dkUk = 0, 
fc=i fc=i 

3 3 

(1 + p)dtuj + (1 + p)djp +{l + p)J2 UkdkUj = (1 + p)Ej + {l + p) 

k—l k,m—l 

dtBj H y Gnnfc dm^k = 0, 

k.in—X 

c ^ 

dtEj ^ ^j„ik d„iBk = {l + n)vj - [1 + p)uj. 

k,rn—l 



Then we apply Theorem II and Theorem III in |33| to prove the local existence claim in part (i) and the 
propagation of regularity claim in part (ii) . 

To verify the energy inequality (|2.3p we let, for P — DJ, I7I < N, 



E'p:^ f [T\Pn\^+e{l + n)\Pv\^ + \Pp\^ + {l + p)\Pu\^ + \PE\^ + ^\PB\^]dx, 
Jr3 £ 



Then we calculate 



^£'p =Ip + Hp + I Hp + I'p+ H'p + HI'p + IVp, 
at 
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where 



ip :- 



/ 



2TPn- Pdtndx, 



f 

Hp := 2_\ ^ / dtn ■ Pvj ■ Pvj dx, 

3 

IIIp := V £ / 2(1 + n) • Pt;^ • PdtVj dx, 
/p := / 2Pp-Pdtpdx, 

III'p := Y] / 2(1 + p) • Puj ■ PdtUj dx, 

IVp := V / 2PEj ■ PdtEj dx + ^ I 2—PBj ■ PdtBj 



dx. 



We use the general bound 

\\DPf . Dig\\L. < \\VJ\M\g\\HM + ||V,5||l~||/||hm, 
provided that \p\ + \p'\ < M + 1, M > 1, and \p\, \p'\ > 1. Using also the equations we estimate 

3 

Ip+y\ / 2TPn-{l + n)-PdkVkdx < A{t)\\{n,v, p,u, E, B)\\%^ , 
IIp\<A{t)\\{n,v,p,u,E,B)f~^, 

3 

IIIp + V / [2TPdjn • (1 + n) • Pvj + 2PEj ■ Pvj ■ (1 + n)] dx < A{t)\\ {n, v, p, u, E, B)\\%^ 
and similarly, 

I'p + y^l 2Pp-{l + p)-PdkUkdx <A{t)\\{n,v,p,u,E,B)\\%^, 
Il'p\<A{t)\\{n,v,p,u,E,B)\\\,, 

3 

III'p + / [^PdjP • (1 + P) • ^^w,- - 'iPEj ■ Puj ■ (1 + p)] dx < A(0||(n, V, p, u, E, B)f~^. 



In addition, 



IVp-Y.1 'iPEr[Pvj-{^ + ri)-Pu^-{l + p)\dx <A{t)\\{n,v,p,u,E,B)\\%,. 



Therefore 



dt ^ 



<A{t)\\{n,v,p,u,E,B)\\\ 



2_ 
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and the bound ()2.3|) follows since En = J2p=d'' IjIkn^'p ~ II ("i ''^i Pi "7 -^j ■ 
Finally, to verify that the identities p.Sp are propagated by the flow, we let 

X -.= 71- p + div{E), Y:=B-eWxv, Z:=B + Wxu. 

Using the equations in (jl.Sp we calculate 

33 3 
dtX = dtn -dtP + Y^ djdtEj =-^dj [(1 + n)vj - (1 + p)u.j\ + ^ dj [(1 + n)vj - (1 + p)u.j\ = 0, 

therefore X = Q. Moreover 



therefore 



Finally we notice that 



fe=i 

333 
^ dkBk = 0, ^ SfcFfc = 0, ^^^^ = 0- 

fc=i fc=i fc=i 



a4r = vx(uxy), = v x (m x z). 

Using energy estimates it follows easily that y = 0, Z = 0, as desired. □ 

3. Derivation of the main dispersive system 

The main part of this paper is devoted to obtain global time integrability of the function A defined in 
(j2.4p . so as to be able to propagate energy control using (j2.3|) . In order to do this, one needs to turn the 
system (ll.8l) - (|1.10|) into a quasilinear system of dispersive equations. This is the purpose of this section. 
The main results are summarized in Proposition l3.2l 

For ^ e and a = 1, 2, 3 we define 

^i(0:=v/TT^, H,{i) :=£-i/Vl + r|e|2, Ab(0:=e-^/'vTT7Ta^. ^^'^^ 

By a slight abuse of notation we also let |V|, i?Q, Q, i/g, Ab denote the operators on W' defined by the 
corresponding Fourier multipliers. Notice that 

Q^^Q and = |Vp^(V x A) for any vector- field A. 

Closer inspection of the system (|1.8p - (|1.10l) shows a decoupling of the magnetic unknowns curl(i?), B 
and the electrostatic (Euler-Poisson) unknowns n, p, div(w) and div(u). More precisely, we may define 

2t/fc := AfclVr^QB-iQ^i;, /i -|VrMiv(w), g -|VrMiv(u). 

Recalling that B = eV x u = —V x u and div(_E) = p~ the functions Ub, h, g together with n, p allow 
us to recover all the physical unknowns, i.e. 

B = 2Aj-i|V|QRe([/fc), 

z; = V|Vri/i+^A,-iRe([/b), ^^^^ 
u = V|Vr\g-2A-iRe(C/b), 
E = -VjVr^ [p-n]- 2Im(C/b). 



Let 



= 2A-iRe(i7b,a). 
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In terms of n, h, p, g, Ut the system ()1.8|) - (|1.10|) becomes 



dtu — \V\h — —da [nRah] — (l/e)9c< [n^a] , 

dth + \^\-^Bln - e-i|VrV - -(1/2)|V| [RahRah] - e-^\V\ [RahAa] - (£"V2)|V| [AM , (3.3) 
dtg ~ \V\-^n + \V\-^Hfp = -(1/2)|V| [R^gRag] + |V| [R^gAa] - (1/2)|V| [AM , 
dtUb,a + iAbUt,a = ~{i/2)Qlp[nRfsh - pR^g + e-^nAp + pAp], 

where the left-hand sides of the equations above are hnear in the variables n, h, p, g,Ub, and the right-hand 
sides are quadratic. 

We make linear changes of variables to diagonalize this system. Let 





- (TH 


he)A + 


^((l-e)- 


(T- 


£)A)V4e 


i 2 


(i + e) 


- (r4 


-e)A- 




(T- 


£)A)V4e 



(3.4) 



such that 



[Al - Hl){Hl - Af) = £-1, Kl - Hi = _ 



(3.5) 



Let 



i? := 



/ A^ - g| 
2 - A? ^ 



(3.6) 



and notice that 



Kl-Hl^£-''^R, Hl-hi^e-^'^R-\ 



(3.7) 



Let 



C/e := , ^ ^ [ - ei/2|v|-iA^n + R[V[-^KeP - ie^'^h + , 
2v 1 + R 

[/, := ^^^^^2 [£^^^-R|Vr^A,n + IVT^A,/? + ie^''^Rh + ig] . 



(3.8) 



Using the system (13. 3p it is easy to check that the complex variables Ue, Ui and Ub satisfy the identities 



{dt + iAe)Ue ^ Me, 
{dt+iAb)Ub,a ^Mb,a, 



(3.9) 



THE EULER-MAXWELL TWO-FLUID SYSTEM IN 3D 



15 



where 



Aei?o 



2VTTW 

|V| 

4VTTW 



-IVI 



[e^'^^^sRah + Ao,){eRah + A„) - R[{Ra9 - Aa){Ra,g - , 
[e^/'^R{nRah) + {pR^g) + e'^/'^RinAa,) - ipA„)] , 
[e-^^^R[{eRah + Aa){eRc,h + A^)] + - A„)(-Raff - ^a)] , 



(3.10) 



4Vl + i?2 
5R(AAb,„) = 0, 

3(A/'6,a) - -(1/2)Q2^ - pRpg + e-^nA^ + pAp] . 

The system p.9p is our main dispersive system, which is diagonahzed at the hnear level. To analyze 
it we have to express the nonlinearities A/'e, Mi, and Mb^a in terms of the complex variables Ue, Ui, and 
Ub- Indeed, it follows from (|3.8p that 



p= J^'f,. {Ue + u:) + 



IVI 



VTTWa 



VTTWa, 



{U^ + Ui, 



-iR 



{Ue - Ue) + , {U^ ~ Ui), 



(3.11) 



[Ue ~ Ue) + 



m - u,) 



Aa = A^ \Ub,a + Ub^a) 



We summarize now the main results we proved in this section. Recall first the definitions of the main 
multipliers 



Ae(e) 



HO 



^1/2. 



-1/2 



\ 



{l + e) + {T- 


he)iep + 


^((l-e)- 


f (T- 


£)ieP)'+4£ 


2 


(l-fe) + (r-l 






h (T- 


e)leP)' + 4e 



(3.12) 



A6(o ■.= e-'/^y/iT7+a\W 



and 



|V|(e):-|^|, i?o(0:=«ea/|ei, QaMC) :=ie„^^^V|^|, H,{0 ■-= V^TW 

H,{o := £-i/vi + riep, i?(0 [Ae(e)' - 1/^(0'] '/'[i^e(e)' - A.(e)]-i/2. 

The lemma below describes symbol-type properties of some of these multipliers. 



(3.13) 



Lemma 3.1. In 



have 



Al > Hi > Hi >Al> |V|^ Al < |V|^ 



(3.14) 
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and 



(3.15) 



(1 - £) + (T - + ^((l-e) + (T-e)|eP)%4e 
In addition, for a — (ai,a2,a3), we have the symbol-type estimates 

Ae(e)l + iD^H^m + \DtH,iO\ <H (1 + 
\D^UO\ + \DtMm<H ier-l"l, (3.16) 

Proof of Lemma \3.1\ The inequalities in p.l4p and the identities in p.isp fohow directly from definitions. 
The symbol-type estimates in p.l6p also follow from definitions and the additional formula 

2^1/2 



(1 - e) + (T - e)W + ^{{l-e) + {T~ s)|eP)' + As 

□ 

The following proposition is the main result in this section. 

Proposition 3.2. With Nq = 10'' as in Theorem assume that {n,v, p,u, E, B) <E C{I : H^°) is 
a solution of the system (ll.Sp - dl.lOp . where I C R is an interval. Let Ag, A^, Af,, |V|, Q, i/i, iJ^, i? 
denote the operators defined by the corresponding multipliers in p.l2p - p.l3p . Let 

h := -\V\^^div{v), g := div{u), := \\7\^^Qai3Bfs, 



Ue :^ ,^ [-e^^^\V\~^Aen + R\\7\-^Aep-ie^/^h + iRg], 
2v 1 + R 

:= ^ [e^/^R\V\-^A,n + \V\'^A,p + ie^'^Rh + ig] , 
2v 1 + R 



(3.17) 



Ub := [A^,|VrlQB~^Q2^]/2, 
and, for a G {1, 2, 3} , 



Ue+ ■— Ue, Ue~ '■— Ue, Ui+ := Ui, Ui- :— Ui, Ub+a ■— Ub,a, Ub-a ■— Ub,a- 

(i) Then Ue,Ui,Ube C{I : H^°) and, for any t G /, 

||C/e(i)||i/«o + \mt)\\H-o + WUbimH-a < WHt) , vit) , pit) , u{t) , E{t) , f^^„ . (3.18) 

Moreover, the functions Ue ■ ^ I ^ C, Ui : M'^ x / — !■ C. : M'^ x / — !■ C"^ satisfy the dispersive system 
{dt + iAe)Ue ^ N'e, (dt + iA,)U, ^ , [dt + iAb)Ub = Mb, (3.19) 
where the quadratic nonlinearities J\fe,Afi,Afb ^'"e given by 

F{NeM,t)^C V / me.,^,u[^,Tl)%{S,-ll,t)Ul{lJ,t)dlJ, 



•7^(M)(C,i) = c V / m,,^^^{^,i])Uf,{£_-?],t)U^{f],t)dr], (320) 
:F{N-bmt)=c J2 [ mb.,^A^,r,)U;,{^-r,,t)U:i7j,t)d7j. 
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The set Xq is given by 

lo := {e+,e-,i+,i-, 6+ 1,6 + 2,6 + 3,6- 1,6- 2,6- 3}, (3.21) 

and the multipliers me-fiM : M'^ x R-^ ^ C, mi-^^u : M"^ x R-^ — ^ C, rrib-f^.u : R-^ x R-^ C'^ are calculated 
explicitly in (|C.4p - (|C.12p . 

(ii) The physical variables (n, p, v, u, E, B) can be expressed in terms of the complex variables Ue, Ui, Ub 
according to the formulas 



VI + R^Ae VTTWa, 

VI + R^Ae VI + R^Ai 

v = W\W\-^h + -A-'Re{Ub), h= (U,-U,)+ (U,-U,), (3.22) 

£ Vl + JL Vl + -K^ 



« = V|Vr\g- 2A-ii?e({/b), g = ^===(t/e - Ue) + ^==((7, - C/,), 



^^(t/e-C7e) + ^^_ 

^ = -V|V|-2 - n] - 2Im{Ub), 
B = 2A-^\S/\QRe{Ub). 

Proof of Proposition \3.SX The claim (I3.18P is a consequence of p.l6p and the observation that -R(O) = 
e^/^. The diagonahzed dispersive system p. 191) and the identities (|3.22l) were derived earher, see p.9p - 
p.lOp . (|3.2I) . and p.lll) . It remains only to prove the formulas (13.201) . showing that the nonlinearities 
A/'e , A/i , A/j, can be expressed as bilinear forms in terms of the complex variables Ue,Ui,Ub. This is easy to 
see by inspecting the formulas p.lOp and p. lip . The precise, somewhat long calculations are presented 
in section [Cj □ 

The precise formulas of the multipliers m^-^^^v, m^^^u, and mb-^^„, derived in section ICl below, are 
complicated. However, we do not use these formulas in the rest of the paper. We will only use the 
simple observation that these multipliers can be expressed as suitable products of multipliers satisfying 
inequalities of the Hormander-Michlin type. More precisely, for any integer n > 1 let 

5":={g:R3^C: sup sup < oo}, (3.23) 

5GK-''\{0} |Q|<ra 

and 

7W :={to:M3xR3^C: m(e,??) = gi(e)-q2(e-'7)-93(»y), sup \\qn\\s^oo<l}. (3.24) 

nG{l,2,3} 

Lemma 3.3. The multipliers me;i^^v{^,ri) and mb^Q,;^^i.(^, j]), a G {1,2,3}, can be written as finite sums 
of functions of the form 

(l + |^|2)i/2.^(^^^)^ ™eA/(. (3.25) 

Similarly, the multipliers Wi;^_i/(^, r/) can be written as finite sums of functions of the form 

\^\-m{^,r]), meM. (3.26) 

Remark 3.4. We notice that the multipliers nii^f^,^ satisfy better estimates at ^ — than the multipliers 
i^e\n,v o,nd mb^a;fj,,iy; in particular these multipliers vanish at the origin. This is an indication of a certain 
null structure of the system, and is important in the analysis in sections\^ and\Si 

Proof of Lemma \3.3\ The formulas p.25p and p.26p follow from the identities p.lOp - p.lip and Lemma 
13.11 Indeed, using p. lip and Lemma 13.11 we notice first that the functions n, p, h, g, Aa can all be 
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written as finite sums of Calderon-Zygmund operators applied to tlie complex variables J7e±, Ui±, Ub±a, 
i. e. finite sums of expressions of the form 

TUe±, TU,±, TUb±o., where ffiO = qiOfiO for some q e ^^o". 

Then we use again Lemma 13.11 and the identities in p.lOp to complete the proof of the lemma. □ 

4. Main definitions and propositions 

In this section we define our main function spaces, and state two key propositions that concern prop- 
erties of solutions of the dispersive system p.l9|) . Then we show how to use these propositions, together 
with the local regularity theory in section [2] and linear dispersive bounds, to complete the proof of the 
main theorem. 

We fix (/J : K — > [0, 1] an even smooth function supported in [—8/5, 8/5] and equal to 1 in [—5/4, 5/4]. 
For simplicity of notation, we also let : M"^ — > [0, 1] denote the corresponding radial function on M.'^, 
rf = 2,3. For de {1,2,3} let 

fkix) = 'Pk.Xd){x) ■■= ^i\x\/2'') - </.(|x|/2'=-i) for any fc e Z, x G R'', 

ipj :— ip„i for any / C K. 

m6/nZ 

Let 

J ■■= {{k,j) e Z X Z+ : k+j>0}. 

For any (fc, j) £ J let 



¥'(_oo -fc] {x) if fc + j = and fc < 0, 
¥'(-oo,o] {x) if i = and fc > 0, 

ipj{x) if fc + J > 1 and j > 1. 



and notice that, for any fc G Z fixed, 

j>— min(fc,0) 

For any interval / C R let 

jei, (k,j)ej 

Let Pfe, fc e Z, denote the operator on M'^ defined by the Fourier multiplier ^ — fk{0- Similarly, for 
any / C K let Pj denote the operator on M.^ defined by the Fourier multiplier ^ — ^ fiiO- 

Definition 4.1. Let 

1/100, a:=/3/2, 7:= 3/2 -4/3. (4.1) 

We define 

Z:={f £L\W'):\\f\\z:= sup \\^f\x) ■ Pkf{x)\\B, , < (4.2) 

where, with k := min(fc, 0) and fc+ := max(fc,0), 

llfflls.,, inf [\\gi\\Bl^+\\92\\Bll (4.3) 
9=91+92 '=•3 

\\h\\Bi , :=(2"^- + 2i°'=)[2(™||/i|U2 + 2(i/2-/9)fe||/J||^^]^ (4.4) 



an 



d 



|/i||B2 :=2iol'=l(2"'= + 2io'=)[2(i-^W||/i|U2 + ||/;|Uo.+2''^- sup R-^\\hU^(B(ioM))\- (4.5) 
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The definition above shows that if \\f\\z < 1 then, for any {k,j) £ J one can decompose 

• Pfc/ - (2"^- + 2io'^-)-i(g + h), (4.6) 

wher^ 

9 = 9- ^fl2,j+2] ' ^ = ^- ^U-2,j+2] ' (4-7) 

and 

2(i+''W|l5|U^+2(i/2-«S||^|l^^, <1, 

2(i-W|j/i||^. + ||/i||^^+2^^' sup i?-'lHlLMs(«o,i?))^2-i"l^l. (^-^^ 

_Re[2-j,2'=],^oeR^ 

In some of the easier estimates we wiU often use the weaker bound, obtained by setting R = 2'', 

2(^11^11,.+ 2(V2-«i5lU=o<l, 
2(i-«J||/^|U2 + +2^J"||/J|Ui < 2-8|fc|. 

We are now ready to state our main propositions which concern sohitions U — {Ue,Ui,Ub) of the 
system p.l9p - p.20p derived in Proposition |321 We claim first that smooth solutions that start with data 
in the space Z remain in the space Z, in a continuous way. More precisely: 

Proposition 4.2. Assume Nq = 10"^, Tq > 1, and U = {Ue,U^,Ub) S C([0,ro] : H^°) is a solution of 
the system of equations p.l9p - p.20p . Assume that, for some to £ [0,To], 

e''°^'U^{ta) e Z, forae {e,i,b}. (4.10) 

Then there is 

t = t(To, sup \\e''°^'UM\\z, sup sup \\Ua{t)\\„N„) > 

^ (TG{e,i,b} (TG{e,i,f)} tG[0,To] ^ 

such that 

sup sup ||e"^'t/,(t)||z <2 sup \\e''"^-UM\\z, (4.11) 

te[Q:To]n[to,ta+T] o-G{e,i,b} cre{e,i,b} 

and the mapping t — > e**^" Ua{t) is continuous from [0, To] H [to, + t] to Z , for any a G {e, i, 6}. 

The proof of Proposition 14.21 is very similar to the proof of Proposition 2.4 in [29]. For any integer 
J > and / e we define 

ll/b,, := sup 2"""(°'2j-2,)||~W(^).p^,^(^)||^ 

compare with Definition 14.11 and notice that 

ll/llz, <||/IU, I1,/I1z.<jI1/I1h«o. 

The main point is show that if < < G [0, Tp] n [to, to + 1] a-nd J E Z+ then 

sup \\e'*'^'U„it')~e''^'U,{t)\\z,, <C\t' -t\{l+ sup sup \\e''^'U^{s)\\z,,)\ 

u£{e,i,b} s£[t,t'] aG{e,i,b} 

with a suitable constant C that may depend only on 

To, sup sup \\U„{t)\\HNo, sup ||e"«^"t/,(to)||z. 

ae{e,i,b} te[0,To] aG{e,i,b} 

This is very similar to the proof of the corresponding estimate (3.2) in [29', and we refer the reader there 
for the details. 



^The support condition I I4.7I I can easily be achieved by starting with a decomposition ip^*'' -P^f = (2"^ +2^"'') ^{g' + h') 
that minimizes the Bkj norm up to a constant, and then redefining g := g ■ ^-i^d h := h ■ VyLi j+ij- 



20 



YAN GUO, ALEXANDRU D. lONESCU, AND BENOIT PAUSADER 



The key proposition in the paper is the following bootstrap estimate: 

Proposition 4.3. Assume Nq = W^, Tq > 0, and U = {Ue,Ui,Ub) G C([0,ro] : is a solution of 

the system of equations (|3.19p - (|3.20l) . Assume that 

sup sup ||e"^'[/,(0||H«onz <'5i < 1- (4.12) 

tG[0,To] CTG{e,i,b} 

Then 

sup sup \\e''^-UAt)-UMz <Sl (4.13) 

where the implicit constant in (j4.13p may depend only on the constants T,e,C. 

We prove Proposition 14.31 in sections [5] and ID In the rest of this section we show how to use these 
propositions and the local theory to complete the proof of Theorem 11.11 

4.1. Proof of Theorem ll.li Theorem 1 1.1 1 is a consequence of Proposition [2TT1 Proposition [3?2l Propo- 
sition 14.21 Proposition 14. 3[ and a linear dispersive estimate. Indeed, assume that we start with data 
w", p", u", i?o) as in (|l.lll) . where S is taken sufficiently small. Using first Proposition 12.11 there 
is Ti > 1 and a unique solution {n,v, p,u, E, B) e C([0,Ti] : H^") of the system (|1.8p . such that 
(n(0), u(0), p(0), u(0), ^(0), i?(0)) = (n", w^, p^, u^, E",Bo): 

div{E){t)+n{t)- p{t) = 0, B{t) = eS/ x v{t) ^ -\/ x u{t), te[0,Ti], (4.14) 

and 

sup \\{n{t),v{t),p{t),u{t),E{t),B{tmfj.,<Sl^\ (4.15) 
te[o,Ti] 

We can now apply Proposition 13.21 and construct the complex variables Ue,Ui,Ui, G C([0,Ti] : H^°) 
as in p.l7p . which satisfy the dispersive system (I3.19p - p.20p . and the uniform bound 

sup (||C/e(t)||H«o + WUMIh^o + \\Ub{t)\\H«o) < Sl^\ (4.16) 

te[o,Ti] 

Moreover, using the definition p. 171) . the assumption (II. lip . Lemma [3. 11 and Lemma [A. 11 we have 

\\Uem\z + \\UM\\z + \\Ubm\z < So. (4.17) 

We are now ready to apply Proposition 14.21 Let T2 denote the largest number in {0,Ti] with the 
property that 

sup [||e"^=[/e(t)|U + \\e''^^UM\z + ||e"^'[/b(t)||z] < ^o^'. 
te[o,T2) 

Such a T2 G (O,!^] exists, in view of (|4.17p and Proposition 14.21 We apply now Proposition 14.31 on the 
intervals [0, T2(l — ^/n)], n = 2, 3, . . ., with Si « '^o^''- It follows that 

sup [We^'^^Uemz + ||e'*^'[/,(t)||z + \\e''^'Ubit)\\z] < So. 
te[o,T2) 

Using again Proposition 14.21 it follows that T2 — Ti and 

sup [||e'*^^C/e(t)||z + ||e"'^'C/Ki)l|z + |le^*^'C/b(OIU] <'^o. (4.18) 

tG[0,Ti] 

We can now return to the physical variables (n, v, p, u, E, B). Using the formulas in (|3.22p . the bounds 
()4.18p . and the dispersive bounds (|A.27P it follows that, for any t £ [0,Ti] and |a| < 4, 

(1 + ty+f^/^[\\D^nit)U^ + \\D^pit)h^ + \\Dyit)U^ 

+ pxoik- + \\D^m\\L^ + wD^mu^] < So. 
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Recalling the definition (|2.4|) and the energy estimate (|2.3p . it follows that 

sup £No{t) ^ So- 
te[o,Ti] 

As a consequence, if the solution (n, v, p, u, E, B) satisfies the bound (|4.15l) on some interval [0, Ti], then 
it has to satisfy the stronger bound 

sup II {n{t),v{t),p{t),u{t), E{t), B{t))\\ < Sq. 
te[Q.Ti] 

Therefore the solution can be extended globally, and the desired bound (|1.13p follows using also (|4.19p . 
This completes the proof of Theorem 11.11 

5. Proof of Proposition 14.31 I: nonresonant interactions 



In this section we start the proof of Proposition 14.31 We derive first several new formulas describing 
the solutions Ua- 

5.1. Renormalizations. The equations (|3.19p - (|3.20[) give 

[dt + iAAmA^.t)^c V / m^,^MC'r])U'^{^-fj,t)U:ir,,t)dr,, (5.1) 

for a € {i, e, b}. For any /i G lo let G {+, — } denote its sign and let G {i, e, b} denote its component, 
i.e. 



= <Ji- i, o'e+ = 0-e- := e, at+i = (T6+2 = (Jb+s = <^b-i = <^b-2 = (^b-s '■= b. 

Let 

Kx(t) :=e'*^"C/,(t), ae{t,e,b}, 

:= vA,^, V^{t) := e^*^-C/^(t), pelo- 
The equations ()5.ip are equivalent to 



(5.2) 



(5.3) 



where, by definition, 

nQT'^'^if^gM) e-[^'«)"^-(«-'')-^^('')lm,;^,,(e,r,)7(e - 77)?(r/) dr^- (5.4) 

Therefore, for any t £ [0, Tq] and cr € {i, e, 6}, 

K(^,t)-K(C,0) = c V /V e^^[^'(«)-^-(«-'')-^-('')lm^;^,,(f, 77)^7; (^-^,s)K(77,s)dr?ds (5.5) 

The desired bound (|4.13p is equivalent to proving that 

\\VAt)~VAO)\\z<Sl (5.6) 
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for any t G [0, Tq] and any a G {i, e, b}. Given t G [0, Tq], we fix a suitable decomposition of the function 
l[o,t], i.e. we fix functions go, • • • , Ql+i : K — > [0, 1], \L — log2(2 + t)\ < 2, with the properties 



L+l 



His) = l[o,t](s), suppgo C [0,2], suppqi+i C [t-2,t], suppg,„ C [2™-\2"+i], 
™=o (5.7) 

(7r„GC^(M) and / |<7™(s)|ds<l for m = 1, . . . , L. 



RecaU the conclusions of Lemma [331 Using also Lemma [A . II and the formula (jS.Sp . for (|5.6p it suffices 
to prove the following proposition. 

Proposition 5.1. Assume t G [0, Tq] is fixed and define the Junctions qm o,s in (|5.7|) . For any a G {i, e, 6}, 

/i, G Xo we define the bilinear operators T^^^''^ by 

Jbr any /i G Xo we define functions : R'^ x [0, To] — > C, 

:= -JfiQ^i;,, (5.9) 
where Q^f := J-^^{qi^i_ ■ /) /or some G 5^*"^ with \\qfj,\\s^°° ^ 1- decompose 

/. = E E ^[fe'-2,fe'+2](^?''-n.'/,)= E fk','- (5-10) 

fc'eZ j"'>max(-fc',0) {k',j')ej 

For any k € Z let 

ki := min(fc,0), fcg — kj, :— 0. 

Then 

E (l + 2'=)2'=^||^f .Pfcr^^''-^(/^^^^.^,/,^,,^,)||^^^ <2-^'" (5.11) 
(fci ji),(fe2j2)eJ 

/or any /?a;e(i 

CTG{i,e,6}, fi,iyeIo, ikj)ej, m G {0, . . . , L + 1}. (5.12) 
It follows from the definition that 

T^;^'m.9) = I q,nis)f:-''^'''{f{s),9{s))ds, 

, (5.13) 

For a G {i, e, 6} and ^, G Xq we define also the smooth functions ^'^'t^'" : M.-^ x M'' — > R and E^^'" : 
R3 X ^ M^ 

■■= KiO - -V)- Kiv) = A.(e) - VA^.(^ - ^7) - ^.A,„(77), ^ 
S^''^(C,?7) := (V,<i>-^^-)(e,??) = -t^(VA,J(,7 - - ^.(VA,J(r;). 

In view of Lemma lA.ll and the main hypothesis (j4.12l) , we have 

SU] 

tG[0,' 

for functions /^t defined as in (|5.9I) . Letting 



sup ||/p(OII//"onz ^ 1- (5-15) 
tG[o,ro] 
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it follows from Lemma lA.51 that for any /i G Xo and s G [OjTo], 

j' >max( — A;' ,0) 

E <min(2-«'=',2(V2-/3-)^')(l + ,)-i-^, ^^^^^ 



j'>max( — A:',0) 



sup 



Sometimes, we will also need the more precise bounds 

\\Efi:,^^,{s)h^ + ||/^,,,,(s)|U. < (2"^-' +2io^yi22^^"2-(i-^W', (5.18) 

and 

II ^/fe',,' Ik- ^ min(2^''' , 2-'^'=' ) (1 + s)-(5/4-io/?) 2(i/4-ii/3)/ ^ (5 ^9) 

for any {k',j') G J'. The last bound follows using (|A.2ip - (|A.25|) . and recahing that a G [0,/3]. 

To integrate by parts in time, i.e. apply the method of normal forms, we need suitable information 
on the derivatives dsfj!, y It follows from (15.31) and Lemma IX6l that, for any {k',j') G ^7, /i G Iq, and 

ll(9s/,^,jv)(s)|U2 <2'=^min[(l + s)-i-^23'='/2] .jnin[l,2-(^''-5)'=']. (5.20) 

Moreover 

if 2'^' G [2-^,2°] and a G {e, 6} or 2*^' G (0, 2^] and a = i, (5.21) 

then 

ll(5./^)(s)IU~ < (1 + .s)-i+^/i02-'='. (5.22) 

5.2. Proof of Proposition [5711 We will prove the key bound (|5.1ip in several steps. The main ingre- 
dients in the proof are the estimates (|5.15p - (|5.18p above, together with (jA.60p . In this subsection we 
start by considering some of the easier cases, and reduce matters to proving Proposition 15 .41 below. In all 
the cases analyzed in this subsection we can in fact control the stronger norm B'^'j , see Definition 14.11 
instead of the required ^ norm. 

Lemma 5.2. With D — D[e,T,Cb) sufficiently large, the estimate 

E (l + 2'^)2'=1|^f •ftT^^^^''(/.^,,,,,A^,,,JL.^ <2-'^'™ (5.23) 
(fei ji),(fc2j2)ej- 

holds if 

j < (3m/2 + Nl^k+ + D^, where iV^ := 2iVo/3 - 10. (5.24) 
Proof of Lemma \5. 2\ We observe that, in view of Definition 14. 1[ 

ll^f • PkHei^ < {2-' + 2^°^) ■ 23.722(i/2-^)fc||^W . (5.25) 
Therefore it suffices to prove that 

E (l + 2^-)(2"^>2io'=)23^V22(i/2-/5)fc||p^y;.;/^-(/^^^^.^^/^^^ (5.26) 
(fci,ii),(fe2 j2)ej' 
Recalling the definition (|5.16p . it is easy to see that 

:F[PkT^^^''{f^,,,,Jl,^,M)- I I MOe'-'''-^^\ra{s)Efl~^{^-r,,s)E^^^{r^,s)dvd^^ 



24 



YAN GUO, ALEXANDRU D. lONESCU, AND BENOIT PAUSADER 



Therefore, using Plancherel theorem, 

II p rp(y;fl,V f ffJ' fV \\\ 



Using now (j5.17p and recahing the properties of the functions (see (|5.7p ). 

J2 (l + 2'=)||n-r^^^^''(/^„,,,/fe.,,jlL2 <2-(^«-^)'^+2-^". (5.28) 
(fci ji),(fc2j2)eJ" 

It fohows that the left-hand side of (|5.26p is dominated by 

2-/3m2(l/2-^i+a)fe23j72 

when fc < 0, and by 

2-{No~15)k2~l3rn23j/2 

when fc > 0. The bound ((5:26| follows if j < l3m/2 + {2Nq/3 - 10)fc+ + D^, as desired. □ 
Lemma 5.3. Assume that 

j > f3m/2 + NQk++D^. (5.29) 

Then, with the same notation as before, 

(1 + 2'=)2'^' ll^f • PkT;^''^'{f|:,,,,,rk2,,J\\^^^^ < 2'^''", (5.30) 

{ki,ji),{k2,j2)ej, max(fci,fc2)>j/Afo 

J2 (1 +2'=)2'="||^f . PkT:^'''''{fi:,^,,ji:,^,j\\^,^ < 2-^'-^, (5.31) 

(fcl ,Jl ) , (fc2 J2 ) 6 J, min(fci .fca ) < - lOj 

and 

J2 (1 + 2^-)2'=-||^f . Pfcr;^^''^''(/fc^,,,v/fc2,.2)Li,^. ^ 2-'^'"- (5-32) 

{ki,ji),{k2,j2)eJ, max(ji j2)>10i 

Proof of Lemma\5^ Using (fSTT)) . (j??^ . and ([???7| . the left-hand side of ([OO)) is dominated by 
^ (1 + 2'=)(2"^- + 2io^-)23^V22(i/2-«fe||p^r^;P,^'(/M ^^.^^ J. 

{ki,ji),{k2,j2)£J, max(fei,fe2)>j7A'o 

< 2-/3m2~(^o"'5)-''/^o2^^'/^2(^/^~'^)^, 
which clearly suffices, in view of (15.291) . Similarly, the left-hand side of (I5.3ip is dominated by 

^ (1 + 2'=)(2"'= + 2i«'=) . 23j/22(i/2-/J)iPfeT/„^'^(/^^_^,,/,^^,^.j||^, 

(fcl,il),(fc2 J2)ej', min(/ci,fc2)<-10j 

< 2-^*™2^^^ • (2"'' -I- 2i'"')2^-'/^2(^/^"^^^, 

which clearly suffices. Finally, using the more precise bound (|5.18p . the left-hand side of (|5.32p is domi- 
nated by 

^ (1 + 2'=) (2"'= + 21°'=) . 23^V22(i/2-^)*;||p,r„r,.^(/M ^^.^^ J. ^^.jll^^ 

(ki,ji),(k2,j2)ej, max(ji,j2)>10i 

< 2-/5™2^^^ • (2"'' + 2i"'')2^^/^2'^i/^"'^^^ 
which clearly suffices. □ 

We examine the conclusions of Lemma 15.21 and Lemma 15. 3[ and notice that Proposition 15.11 follows 
from Proposition 15.41 below. 
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(5.36) 



Proposition 5.4. With the same notation as in Proposition \5. 1\ we have 

(1 + 2'=)2'=-||^f . ^ 2-^'('"+^), (5.33) 

for any fixed ^ Iq, (fc, j), (fci, ji), (^2, ^2) G ^7; and m ^ [0,i + l]nZ, satisfying 

j > /3to/2 + 7V^fc+ + -lOj < fci, fc2 < j/iVo, max(ji, J2) < lOj. (5.34) 

5.3. Proof of Proposition [574l In this subsection we will show that proving Proposition 15.41 can be 
further reduced to proving Proposition 15.91 below. The arguments are more complicated than before, 
and we need to examine our bilinear operators more carefully; however, in all cases discussed in this 
subsection we can still control the stronger Bj, - norms. 

We notice that we are looking to prove the bound (|5.33p for fixed k, j, ki,ji, /c2, j2, rn. We will consider 
several cases, depending on the relative sizes of these parameters. 

Lemma 5.5. The bound (j5.33p holds provided that (|5.34p holds and, in addition, 

j >max{m + D,-k{l + 13^) + D). (5.35) 
Proof of Lemma 15.51 Using definition (14. 4p it suffices to prove that 
(1 + 2^-)(2"^- + 21°^-) . 2(™||^f . PkT,^''^''ifi:,^,,JL,ML^ 

+ (1 + 2'=)(2"'= + 21"'^-) . 2(i/2-«fe|| . PfcT/„^'^(/,^^^^,, < 2-'5'("+^"). 

Assume first that 

niin(ji,j2)<(l-/3')j. (5.37) 
By symmetry, we may assume that ji < (1 — /3^)j and write 

ipf\x)-p,TZ'^^^'^{fj:^^^^ji:^^^jix) 

We examine the integral in ^ in the formula above. We recall the assumptions (|5.34p . (|5.35l) . and (|5.37p . 
and the last bound in (|5.17l) . Notice that, using only the assumption (|5.35l) and the definition p. 121) (see 
also Lemma [A. 4p . 

[x • ^ + s[A,iO - A,i^ - 77) - A.iv)]] I > - s|Ve[A,(0 - A^(e - ^7)] | > 2^-^°. 
We apply Lemma IX2l fwith K w 2-', e w min(2^-'i , 2''')) to conclude that 

l^f (x) •P..r,r;''^''(/(^^^^.^,/,^,,,g(a:)| < 2-i°^|^f (:r)L 

and the desired bounds (|5.36p follow easily. 
Assume now that 

min(ji,j2)>(l-/3')j. (5.38) 
By symmetry, we may assume that fci < fc2 . We prove first the bound on the second term in the left-hand 
side of ()5.36p : using ()5.18p we estimate 

(1 + 2'=)(2"'= + 2^°'=) . 2(V2-/5)fe|| . P,T,-„^'^(/^^^,.^, 

< (1 + 2'=)(2"'= + 2'Ok)^('/2-0)l . 2™ iijA. .^(.)|U.||/,-^^^.^(.)|U. 

sG[2'"-i,2" + i] 

< (1 + 2'^)(2"'^ + 2"'*"^)2'-"'"/^^'^-'*^2^ • (2"^^^ + 2-'-'^'^'i)^-'-2^'^'^^2~''"'""'^''-'^ • (2"'^'^ + 2i'"'"2 )^i2^'^'^^2^^"'"^'^^"'^ 

< (1 + 2'=)2^' • 2-"^-i min(2(i+^)'=\ 2-(i-^-'3')-') • 2-(i-'3-^')^ 
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This suffices to prove the desired bound in (|5.36|) , as it can be easily seen by considering the cases fci < —j 
and fci > — j. 

Some more care is needed to prove the bound on the first term in the left-hand side of (j5.36p . We 
recall that 

fkun ^ P[ki-2,ki+2]{'?\\^^ ■ Pk^f,,) and /^^^^ = P[k.2-2M+2]{^f^^^ ■ Pkju)- 
Since II^J^^ • Pk^U{s)\\B,,.,, + 11^2'^ • PkJu{s)\\B^^^^^ < 1, sec we use to decompose 



and 



(5.39) 



(5.40) 



2^'-^^^ii/i;:.,,.(^)iu^ + ii^(s)iil^ + 2^-'-^ii/^(s)iu. < 2-8^^^ 

Using these decompositions and recalling the definition (|5.13l) . to prove the desired bound on the first 
term in the left-hand side of (|5.36l) . it suffices to prove that for any s £ [2™"^, 2™+^] 

|~(fc) . p^fl't^'^{P^k,-2Mi+2]9k^,n^s),P^k2-2M2+2]9l^,j.M)\\L^ 

+ ||^f • FfcT;^^'^(P[,,_2,fe,+2]<,,,(s),P[fe,_2,fc2+2]/^fe„,.(s))|L. (5.41) 



+ ||^f • FfeT;^^'^(P[,,_2,fc,+2]/i;:„,,(s),P[fc,-2,fc2+2].9fe„,,(s))| 



L2 



•FfcTr^'^(P[,,_2,fc,+2]/i;:,,,,(s),P[fe,-2,fe2+2]/^fe2,.2(^))li^ 

Recall that we assumed fci < fc2; therefore we may also assume that fc < fc2 + 4. Using (|5.39p - (|5.40p 
and recalling (|5.38l) . we estimate 

||Pfe'rr'''''(^'[fei-2,fci+2].9fe,j,(s),P[fc2-2,fe2+2]3fe2j2(«))|lL2 - ll-^(^[fci-2,fci+2]5feiji)(s)|lLi|l5fc2j2(s)lli" 

< 23fci/22-(i+;3)ii2-(i+/3)i2 

< 23fel/22-(2+2^*)(l-/3^)i^ 
||PfcTr^^''(P[.,-2,fe,+2]/li;,,,(s),P[.2-2.fc2+2]/i;:.,,.(5))|L2 < 

< 2-7ji2-8l'=il2"(i"^)-'22"^l''2' 

< 2-8|feil2-(2+2/3)(l-;3")j^ 

||Pfcr;^^-(P[,^_2,fc,+2]/^i\,,,(5),P[fc2-2..2+2]3fc.,,.(s))||^ 

< 2 — rji2~8|fci|2-(i+/3)i2 

< 2-8|feil2-(2+2^i)(i-/3^)i 



< 2-/5*(™-i-i)_ 
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and 



<rnin{2''^^^^^^{s)\U2\\}^^{s)\U2,^^^ 

< 2-(2+2^)(l-/3^)j23fci/42-8|fc2 

Since 2™ < 2^ and (2"'^' + 2^°''){2°'''^ + 2^°''^)-^ < 1, the left-hand side of (fOT]) is dominated by 

C(l + 2'')2^^+''^-' • (2"'°i + 2^°^^y^2^ ■ 2-(2+2^)(i-/3^)j^23fei/2 _|_ 23'=i/42-8l'=2|-) < 2-2Pj/3(^i ^ 2*^) 
which suffices since 2''' < 2-'/^o . This completes the proof of the lemma. □ 

Lemma 5.6. The bound (|5.33p holds provided that (|5.34p holds and, in addition, 

max{m + D,j) < ~k{l + (3^) + D. (5.42) 

Proof of Lemma \5.b\ In view of the restrictions (|5.42l) and (I5.34p . we may assume that k < —D^/2. 
Using the definition, it is easy to see that 

ll^f^ • PkhWei^ < (2"^- + 2i"^)2(i+^)-'23'=/2|j]^|j^^^ (5 43) 

Therefore, it suffices to prove that 

2k.2°'^2^^+^'>'2^''/^\\J'PkT^;^''''{f^^.^^J^:^JJ\\^^ < 2-/5'(™+i). (5.44) 
Using (I5.18P and recalling a < 2^ we estimate 

< . (2"*^^ 2i'^'^i )^i2^'^'^^2^'"'"^'^^-'^ • (2"'^^ 2io'^2^-i22/9fe22-(i-/3)j2 

< ||g„||iimin(l,2-5''-i)2-(i-'^'^'i • min(l, 2-^*2 )2-(i-/3)i2_ 
Recalling the definitions (I4.ip and the assumptions, the desired bound (|5.44p follows if 

(T = i or m = L + l or m < (I - /3)(ji + ^2) - (1/2 - /3)fc. 

It remains to prove the bound (I5.44p in the case 

ae{e,b} and me[I,i]nZ and m > -(1/2 - /3)fc + (I - /3)(ji + ja)- (5.45) 

Since ji + fci > 0, ja + ^2 > 0, and k < -D^/2, the conditions (|5.42p and (|5.45p show that fci, fca > fc/4 
and |fci — ^2! < 10. Using also (|5.42p . for (15.441) it suffices to prove that, assuming (|5.45l) . 



JL^2)\\l^ ^ 2-'=(V2+«-/.-2,^), (5 46) 

To prove (|5.46p we would like to integrate by parts in 77 and s in the formula (|5.3p . Recall the definitions 
J'PkT,':^''''{fLn'fLTM) = MO I I e'^'''''''-"^^^^Urn{s)f[^^{^-V,s)]%;;^{v,s)d^ds, 



where 

$-^^'^(C, rj) = A,(0 - A^(e - 7?) - AAv)- 
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We decompose 



The function H can be estimated using integration by parts in s, ()5.20p . the assumptions (|5.7p . and the 
bounds (|5.17p . Indeed, 

\Hm<{i + 2'^) sup [\\fL^ML4fL^M\L^ 

se[2'"-i,2'"+i] 

+2™||(a./i[7j(.)ii,,|i/x;(.)ll,,+2™||/X;(.)iL.ii(^^^^ 

<min(l,2-(^°"i")'=^). 
Therefore, for (|5.46p it suffices to prove that 

||G||^^ < 2-'=(l/2+a-/3-2;3")^ (5-47) 

Recah the definitions (|5.14p . 

E'^^'^i^,^) = iV,<i>^-'^n{^,v) = -iiVA,,(7y- - i2^A.M, (5.48) 

where 

fJ.= i(yiLi), v={(T2i^2), f7i,a-2 e {i,e,6}, n,t2e {+,-}. 

For / e Z let 



_ (5.49) 

^(22015(1 + 2^^W-'^^'%i, V))qm{s)f^,,, - V, s)f^^ iv, s) dr,ds. 

Let Gi := G<i — G<i-i. In proving (15.47^ we may assume that ji < j2- H I > Iq = ~20D — 4max(fc2,0) 
then we integrate by parts in 77, using Lemma|X2with if « 2™+' and e^^ « 2^2+2-™"(''0)-™"('=2'")+2'=2 
Using also the last bound in ((CTTI) . ([CT^ . and to ensure eK > 2'^'"', it follows that 

E IIGzIIl- < (l + 25'=^)-i. (5.50) 

i>io + l 

It remains to estimate ||G'<io |jL°° . Since a 7^ i, it follows from Proposition IB.2I that G<ig = 0. This 
completes the proof of the lemma. □ 

Lemma 5.7. The bound (j5.33p holds provided that (I5.34p holds and, in addition, 

j<m + D and max(ji, ^2) > (1 — /3/10)m + /cct, (5.51) 

or 

j<m + D and min(fci, ^2) < -9m/10. (5.52) 
Proof of Lemma \5.7\ Assume first that (|5.52p holds. We estimate, assuming ki < ^2 and using (I5.17p . 
(1 + 2'=)2'=-(2"'= + 2i"'=)2(i+^)^23'=/2|| J-p,.r-;M,>^(/('^_^.^ J- 

<2(i+^)^2™(l + 2"'=)23'=^/2 sup \\]l^,is)\\L4JtjMh- 

se[2™-i,2'"+i] 

The desired bound (|5.33p follows using also (|5.43p . 



(5.53) 
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Assume now that ()5.5ip holds. Using definition ()4.4|) . it suffices to prove that 

+ (1 + 2'=)2^-"(2"^ + 2io'^-) • 2(i/2-«*^|| . PfcT;^^^''^(/fe^,,,,, < 2-^'("+^). 

By symmetry, we may assume fci < fc2. We prove first the bounds (|5.53p in the case 

ki < -5m/6. (5.54) 

Using (|CT7|) . for any s e [0,i], 

Therefore, using (|5.17p again, it follows that 

s£[2'"-i,2™+i] 

< 2™2(5/2-"+'5)'=i niin(2"^^""^^''^ 2'^^+'^"")''2) 

and 

ll-^K^"''^(4"„,vA^...JlL~ ;$2™ sup 

Therefore, recalling (|5.54p , if fc < then the left-hand side of (|5.53p is dominated by 

which suffices. Similarly, if fc > then the left-hand side of (15.531) is dominated by 

^2(2+^*)™2(^/^^"+'^)'^i2^'^''^"'"^-'''' ^ (72'"'^2'"2'-^/^^"^'^-''^^ < 2''^2^^^^^'^^^°'^^^^^^'^^ 
which also suffices. 

To prove the bound (|5.53p when — 5m/6 < fci < ^2 we decompose, as in (j5.39p - (|5.40p . for any 

s e [2™-i,2'"+i], 



2^'"''^'M|/^^,,,,(^)IU^ + IIMU(^)IU^ + 2^-'"1I^(.)||l^ < 2-«l'=^l, 



(5.56) 



and 



(5.57) 



2^™1I.9.^„,,(s)||l^ +2(V2-^)S||g'^^(,)||^^ < 1^ 

2^'-''^^'1|/^fc.,,.(^)llL^ + ll^(s)llL^+2^-'"^||/^(s)|Ui < 
We will prove now the bound 

(1 + 2'=)2'='(2"'= + 21"'=) • 2(2+'3)™||p,f,'^;M,-(/M J. ^^.^(^))||^^ < 2-2/^^™^ (5.53) 

for any s E |'2™-i^ 2™+i], see (|5.13l) for the definition of the bilinear operators T/-^'"^. In view of the 
assumption (|5.5ip this would clearly imply the desired bound in (|5.53p . 
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Assume first that niin(j'i, J2) < (1 ^ 9/3)m, i.e. 

min(ji,j2) < (1 - 15/3)to, max(ji, ^2) > (1 - ;3/10)m + fc^, ^2 > fci > --5m/6. (5.59) 
Using (|5l8l) and (fSTj]) . 

< min(2'^''i,2~'^''i)min(2'^''%2"'^''^) • 2~™(5/**~i'''^)2(^/''""^^ ™"(-''i'^'^^2^(^"^^ "'^''(•''i'-''^^ 

< 2^'^'" (1 + 2''^)^^2^^^^'^^^^^™ 

which suffices to prove (|5.58l) . 

Assume now that min(ji, ^2) > (1 — 15/3)rn, i.e. 

min(ji, ja) > (1 - 15/3)m, max(ji, ^2) > (1 - ^/10)m + /c^, fc2 > fci > -5m/6. (5.60) 

We recall that 

/fei.li = ■P[fei-2,fei+2](<?ji'^ • -Pfei/p) = (2"''' +'2.^"'''y^[P[ki-2M+2]9ki.n + P[ki-2M+2]Ki.3J' ,r- ^-.N 

~(fe2) fc. lOA; 1 (5.0l) 

•/'fc2j2 ^ -^[fe2-2,fe2+2](<<5j2^ • Pfc^/l.) = (2" 2 + 2 ^) [P[fc2-2,fc2+2]3fc2,i2 + -^[fe2-2,fc2+2]'ifc2,i2]' 

and use the bounds in (|5.56l) - (j5.57p . Then we estimate, using also (I5.60p . 

< 2-'rJi2"'^^"'^)-''^2~^l''il2~^l''^' 

< 2~(^+-'-~^'^'^)^2^'^^^-^^2^^'^^^ 

||PfcTr'^''^(P[fc,-2,fc,+2]<,,,(s),P[fe2-2,fc2+2]5.^2,.2(^))|L2 < 

< 2-'rJi2"(i+'3)j22"*l'=il 

<; 2-™(7+l-25^i)2-6|fci| 

||PfcT;^^'^(P[fc,-2.fc,+2]<.,,(s),P[fe2-2,fc2+2]/^^2,,2(^))IL. 

< 2^(i+'3)ji2^TJ22-8|fc2| 

<; 2-™(7+l-25^i)2-8|fe2l2-fc^ 

and, using also (IA.21l) - (jA.25l) (compare with the bounds (|5.19p ). 

||Pfcff'''^''(F[fc^_2,fci+2]5fe,ji(s),/'[fc2-2,fe2+2]gfc2j,(s))||^2 

<min(||e— ^-P[,,_2,fc,+2](.9,^,,,,(.s))||L-||5fc^,,,,(s)|U2,||g^^^^.^(s)|U^ 

< 2-(l+/:*)maxOij2) . 2-™(5/4-10^i)2(l/4-ll^()minOij2)(-2^ +2'^''^) 

< 2~'^''(1 + 2'"^2^2^'^+-^^^/-^°^™ 

Therefore, using also a & [0,/3/2] and ki > — 5m/6, the left-hand side of (|5.58p is dominated by 

^^-j^ _^ 2^^^'2 ^2^'-^'^'i 2~^^^^"'"'^ ^ (1 + 2^^^ )2^'^^"^^^*^^ 

This completes the proof of (15. 58^ . 

To complete the proof of (|5.53l) it remains to prove the L°° bound. This would follow from the estimate 
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for all s e [2"-^ 2™+2]. If fci < -2m/5 then, as in (|535l) . 

and therefore the left-hand side of (|5.62l) is dominated by 

^2*-^^ 2"'"^^)(2'^^^ -1-2"'"*^^^)^"'" 2^"'"/*^^'^'"- ^-^ 2^mi2{^/2—a+f3)ki 

which is sufficient. 

We now assume that — 2m/5 < fci < ^2 and we decompose /^^ f^^ as in (|5.56l) . (|5.57l) . (|5.61l) . If 

Ji ^ j2, we estimate 



< 2(i+/3)fci2-(i+/9b2^ 

and 

< 2-(i/2-^*)feT . 2-8|fc2l2-7j2 

Since -fci < 2m/5, a < /3 and 2-'2 > 2™(i-'3/io)2'=- it follows that if ji < then 

II J^PfcT'^'''''^(/^ (s) ■ (s))|| < 2~(i+'3)'=''2~^"'"~'''^'''-"'"~^/"'"°^'" • (2"*^^ + 2"'"°'^^)^^(2"'"'^ + 2"'"°'^^)^"'" 

' (5.63) 
Similarly, if ji > j2 we estimate 

< \\9CMh<\\9QM\L^ + 

< 2-(i+/5)ii2(i+^')'=2^ 

and 

||j-Pfcfr^'^(P[fc,_2,fc,+2]/i^,,,,(s),P[fc,_2,fe.+2](.9fe,,,,(s) + 



< 



< 2^T-Ji2^^l'^il 
Since 2^1 > 2™(i-'3/io)2'=- it follows that if ji > j2 then 

II J-"PfcT'^''^''^(/^' (s) ■ (s))|| < 2^(i+'3)'=i'2^*'"'"'''^-'''"'"~'^/"'"°-'™ • (2"^^^ + 2"'"°'''^)^"'"(2"'^^ + 2"'"°'"'^)^^ 

(5.64) 

Using (|5.63p and (|5.64p . the left-hand side of (I5.62p is dominated by 

C(l + 2'=)2""''l2"'^'^™/^ 

which suffices. This completes the proof of the lemma. □ 
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Now that we have identified m as the largest parameter, we may remove the non-resonant part of the 
nonlinearity. For any n G (0, 1] we define 

T-^'^'^a, g) ^ RZfif^ 9) + Nl^^'^^-if, g) + N^^-;:^^^- {f , g), 

■/R JR3 
JR JR3 

Our last lemma in this section shows that only the resonant part of the interaction i?^^'^'' may produce 
more problematic outputs not in _Bj ^ . 



- 9m/10 < fci, fc2 < j/A^o, max(ji, j2) < (1 - /3/10)m + fc,, 
l3m/2 + N[^k+ + < j <m + D, m > -k{l + (3^). 



Lemma 5.8. Assume that a £ {i, e, b}, ^,,v £ Iq, {k,j), (fci, ji), (fc2, j^) € , m e [0, L + 1] n Z, and 

(5.66) 

Then, assuming m G [0, L] D 7L, 

' . (5.67) 

(1 +2^-)ii^f . w„'r«^'^(/^,,,v/fc.,.JiiB^,, ^ 2-2'' 

/or an?/ k G (0,1] satisfying 

2"k > 2'3'™2'"''''(-''i'^'^\ 2™k; > 2'5'™/t-i2" ™"('=i''=^'°)2"-°. (5.68) 
Moreover, for m = L + 1, 

(l + 2'=)||^f •Pfcr^%r(/^,,,v/^.,.JIIsi., ;S2-^^'^ (5.69) 

Proof of Lemma 15. ($1 To prove the second inequality in (j5.67p we use Lemma IA.2I and the assumptions 
(|5.68p to show that 

H^^T'^ifLn^fLjMOl < 2-^°™. (5.70) 

The second inequality in (|5.67p follows easily using (I5.66p . 

To prove the first inequality in (|5.67p when m < i, we first integrate by parts in s and obtain that 

^[N^^'-'-'-'-if, 9)] (^) = " ^ ^3 e-*'^^'"^^''') ^^Z^i^^^!,) ■ [l^r^ism - V, s)?(^, s)] dnds. (5.71) 
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Therefore 

We show first that 

(l + 2'=)(2«'= + 2i°'=)2(i+«™|lP,Arir'^'^(/^^^^.^,/;^^,^.J|U. < 2-2'^'™. (5.72) 
We may assume ki < k2- Using symbol type estimates, it is easy to see that 

" XT'"'" 



Using the decomposition (|5.71l) . Lemma [A. 31 and (15.73^ . we see that 

\\PkN^-^^'^{fi:^^^^jj:.^^,jh^ 



se[2'"-2,2" + 2] 



It follows from ((5Tfl) and (lOO)) that 
Moreover, using ([5T7)) - (l5TT8)) . 

^ max(fe2 ,0)2— (l+^*)™2^(-'-^'^) max(ji ,^2) 

Finally, if max(ji,j2) < 2/3m then, using (15.18^ and (|5.19p . 

min{||i?/^^^^.^(.)|U^||/^^^^.^(s)|U.,||4^^^^.^(s)||iH|i?/fe^^ 
It follows from the last three bounds and (15.741) that 

\\PkN^^-'^'''{fj:^^^^Ji:,^,J\\L^ < 2l5max(fc2,0)2-(l+2«m^ 

and the desired bound (ISTT^ follows since 2*^ < 2''^ < 2'"/^o. 
We show now that 

(1 + 2^)2(i/2-/^)fc(2"fc + 2io'=)||^Pfc7V,i„'^;'''''(4^^^^.^,/^^,^.J|Uoc, < 2-2^'™. (5.75) 
We may assume fci < fc2, and use the Cauchy- Schwartz inequality, (|5.17p . and (jA.60l) to see that 

||a^i2||l- + ||a^i3||l~ 



< 2--("''=^)2™ sup [\\{dsfi:,^,,){s)\\L4fLn('')\\^ + \K,S^'^)\\L4idsfL,.)i^)\ 
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This implies that N12 and A^is give acceptable contributions to (|5.75|) . Proceeding as above, using (|5.18|) 
we also get 

< (l + 2'=^)2^^i2-(i-'^)^'i min(2-(^«-5)'=%2-(i-'')^'^). 
Therefore, this gives an acceptable contribution to (j5.75p unless 

|fc| + |fci| + |fc2|+ji+j2</3'™. (5.76) 
Assuming that (|5.76p holds, we need to strenghten the bound on iVn slightly. We decompose 

iVn;2(e) -.^ ^ j^^ e-^^— '(C.^) g^^l^^j [1 - ^)|)]g:„(.) ■ - d^ds, 

with 5 2-"/3_ Applying LemmaE2]with = 22'"/3, e = 2-™/^^ g^sy to see that 

provided that (|5.76p holds, which is clearly sufficient. On the other hand, using the definition (|5.f 4p and 
the bounds (IA.5I) . we observe that 

iS^'^^'ie, ^)l > |VA,(r;)| • min(|(^ - 77)/!^ - 7y| - 7?/|r;||, \{^ - - r;| + r^M\) 

> 2-^" min(| (e - 77)/le - ryl - ^7/1^/1 1 , I (e - ??)/|^ - r/l + Vhl I ). 

Consequently, if 1^1 G [2^=-^ 2'=+^], e [2^1-2^ 2'''i+2] and It^I G [2*^^-2^ 2*^2+2], and |S^''^(^, 77)! < 2-"/^ 

then 

min(h/|^|-^/|C||,|^/H+e/|C||)<2-"/^ 
Then, a simple estimate using the L°° bounds in ()5.17p gives 

l^ii;i(OI ^ 2-™/6^ .^^j^ich is sufHcient to 
finish the proof of (|5J5l) . The first bound in (|5J7l) follows from (|02l) and ([SJS]) . 

The bound (j5.69l) follows by a similar (in fact easier) argument; since < f one does not need 

to integrate by parts in s and one can simply estimate the appropriate and L°° norms in the same 
way we estimated the contributions of the function iVn in the argument above. □ 



We examine now the conclusions of Lemma 15.51 Lemma 15.61 Lemma 15.71 and Lemma 15.81 We notice 
that to complete the proof of Proposition [531 it suffices to prove Proposition 15.91 below. 

Proposition 5.9. Assume that a € {i, e, b}, & Tq, (fci, ji), (^2, J2) € , m Cz [1, L]r\'Z, and 

-9m/10< fci,fc2 < j/^o. max(ji,j2) < (l-/3/10)m + fc„ 

(5.77) 

Pm/2 + N(^k+ + < j <m + D, m > -k{l + l3^). 
Then there is k e (0,f], k > max (2('3'"-™)/22- """(''■i'''-2^o)/22--°/^ 2'^'™-™2'"^'^(ji J^)) , such that 

(1 + 2^)2'='||4'=) . PkR:i'X'{fL\,n'fLn)\\B,,, ^ (5-78) 

We prove this proposition in the next 3 sections. We consider several types of resonant interactions, 
which involve input and output frequencies located on spheres or at the origin, as well as the different 
phase functions ^'^'f^''^. We classify these interactions into 3 basic types, see Proposition |BT21 and analyze 
the contributions separately in the next 3 sections. The optimal value of k for which we prove (|5.78p 
depends, of course, on all the other parameters. 
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6. Proof of Proposition 14.31 H: Case A resonant interactions 
In this section we consider type A interactions, see Proposition IB . 2| and prove the fohowing proposition: 
Proposition 6.1. Assume that {k,j), (fci,ji), (fc2,i2) & , m ^ [1, L] O Z, 

^a-.fj.,!/ g y-^ |<J)«:e+,i— ^i\b+,i- (j,i:b— ,e+ ^i-.b+.e— ^e\e+,i+ ^e\b+,i+ ^e-.b+.i— ^e;b+,e— 

(jjf);e+,i+ (jjb;b+,i+ ^&;e+,e+ ^b-b+,e+ ^b-b+,e—^ (^-1) 

and 

~D/2<k,kuk2<D/2, niax(ji,j2) < (1 - /3/10)to, l3m/2 + N[^k+ + < j < m + D. (6.2) 
Then there is k e (0, 1], k > max (2('3'™-™)/2, 2'3'™-™2'"'^'^(Ji^J2)) , such that 

ll^f • ^ 2-2^'™. (6.3) 

The phases in the set are the same as the phases in the set 7a, after interchanging the last two 
indices. Without loss of generality we may assume that ^'^'•f^''^ g 7^ instead of ^""•f^-'^ eg Ta- 

The rest of the section is concerned with the proof of Proposition 16. II The interactions corresponding 
to Case A are among the most difficult to control. In particular, they produce outputs which fail to 
belong to the "strong" Bl j spaces. A key element we need is a precise description of the sizes of the 
various elements close to the resonant set. This is made possible by the fact that the Hessian of the 
phases is nondegenerate. We refer to the introduction of [29] for more details. 

We define first the interaction functions for the space-resonant phases in given in ()6.ip , the functions 
p<y\tj.,v g^jjjj q^J.,v (jggj^ed below. They help us to characterize the vanishing set for S^''' through the equality 
(|6.4p . Only the functions p'^•^^•'' will play an essential role, but the functions q'^''^ appear as simpler natural 
intermediate functions. Our goal is to define these functions such that 

E'^'^q'^^-'iv). = = S^^''(e,p^^^^''(0), (6.4) 

where the first equality holds for all ij and the second equality holds for all £, where p'^''^''^ {£,) is well 
defined. 

For this we first define 

pb;e+,e+(^)^^^/2, ''^+ (t^) :^ 2rj , t^'%r):=r. (6.5) 

The other functions require a little more care. We first define q'^''' and then invert the process. We define 
the real- valued functions f^^ , t''^ , t'"^ : [0, oo) — > [0, oo) by the relation 

Kit^'ir)) = \[it'\r)) = Kir), X',it''%r)) = K{r). 

Since Ag and A'j, are injective (see Lemma [A.4|) and using also (|B.14|) . these functions are well defined. 
We can directly see that t^^{r) < t'^*(r), t'"^(r) < r and since 



A^r) e [Kir,), A;;(0)] C [a^^), ^^Sl , for any r e [0, oo), 
we get from Lemma [A. 41 that 

ViAKr,)/(2T) < t-(r) < ^/sFJf, V^K{r,)/C, < t'\r) < ^IJa, < t'^ir) < ^JJ^ + ^ . (6.6) 

V^b ^ ^^b 

More precisely we have 

,br^^, _ V^(TTT) A^r) , _ ^I{l+T) Kir) 



t''(.r)= ^ - ' ' t'>%r) = 



Cb ^C,-eiKir))^' Va-e(A',(r))2' 



|(9t-)(r)| = 


K{r) 




\idt'')ir)\ = 


Kir) 
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while t"' has a similar behavior. Note in particular that T(r'(r))2 < 3e, C&(t^'(r))2 < e, Cb{t^''{r)f < 
T{l + e)/{Cb~T). Let 

{dt'^^^-^){r) (ai, a2) £ {(e, e), (e, z), (6, z), (6, e)}. 

Using Lemma Fa. 4) 

- "^^ T(W?^ - 0^7^ - 2' 

eV^(l + e + at'»(r)^)^/^ < 8^27^(1 + e)^/^^^^ 1 

- a(TT7^ - (a-T)3/2 < 2' (6-^) 

^"•^-^ ^ A'f,'(t'"=(r)) - (l + Tr2)3/2 C6(l+e) " - T)3/2 -2' 

We now define q^'" when (cri,cr2) G (&, *)i C^'^)} by the formula 

such that 'E.^''^ {q^''^ {ifj^rj) — 0. Then we define the function r'^''^{s) as the inverse function of t^'''(r) := 
r + (n • t2)t'^i'^^(r). Therefore 

r^'" : [iii2i''''''(0),oo) ^ [0,c5o) 
is a well-defined increasing function, and 

i^sr^nis) = s e [...2t--(0),oo). (6.8) 

We can now finally define the functions p""'f^-'^ and x^'^'"^ ■ [0, oo) — > [0, 1]: 

(a) if ^"'^t"^" erX\ then we define 

ja;^.. r^^^iO),^), ■■= r^'^'imm for |C| G /'^^'^'^ X^^^'" l(t^i^.(o)+2--,oo); (6.9) 

(b) if <I>'"''^''^ = $e;b+,»- ^j^gj^ jggj^g 

[0,t^X0)], -r^^''{-\mm for |C| € xT'' := l(o,t-(o)-2--)- (6.10) 

In both cases we also define 

r'^-'^^^m) ■■^P^-'^^'io^m- (6.11) 

The functions p*^'^'"^ are not defined (and not needed) outside the range specified above. These functions 
are the key to an efficient analysis of Case A through the use of the following lemma. 

Lemma 6.2. Assume that ^'^■^''^ e 7^, see (EH), and -D/2 < k,ki,k2 < D/2. 

(i) Assume that 5 e [0,2^1°"^] and assume that (^, 77) g x ^ point such that 

|s''^''(e,^)l |$-^^'^(^, 77)1 < 2-100^. 

Then 

X^'^'d^D^l, ^-^"^^'"^(01 <2^°^<5 and E'^''' {^P^ ''''''' iO) = 0, (6.13) 

and 

min(|(a.r-^''^'')(|C|)|,|l - (a.r-^^'^)(|^|)|) > 2"^^, 

ID. 14) 

|(i)P^-;M,.)(|^|)| < 2201?, P = 0,l,...4. 

Moreover, if (T2 — i then 

\\v\-rJ>c,.el- (6.15) 
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(it) Let ^'"'^■'^ : I'"'^''' -^m be defined by 

.= $-;M,-(se,r-^^'''(s)e) = A,(s) - tiA,, (|r'^^^^''(s) - s|) - i2A.,(|r'^^'''''(s)|), (6.16) 

/or some e G (the definition, of course, does not depend on the choice of e). Then there is some 
constant c = c{a, /i, v) G { — 1, 1} with the following property: 

the set JZ'^'" {s G [2^-'^ ,2^+'^] n r-'^'" : \^'''^''%s)\ < 2-"°^} is an interval; 

^ ^ (6.17) 

c. (5,*'^;^''')(s) > 2-20^ for any s G 

Proof of Lemma \6.2\ Since (J)'^'^''^ g J^, f?^'"^ is well defined. We start from the elementary formula 

IS'^''' (^, 77)1 = |S''^''(e,^) -S''^''(9^^''(?7), 77)1 

«c„e |A;,(|C-ry|)-A;^(|g^^''(r,)-r;|)|| 



+ max(A' (|e-r,|),A' (|g^'^(r;)-ry|)) 



||^_^|_|5M,^(^)_,,|| + 



0, the 



Since X'^^{r) > 2~^^ and A^;^ (r) > 2-^^(1 + r)-^ if r > 2--D/2-io^ the condition |S'^'''(C, 77)] < S shows 
that 



< 2i°^J. 



1^-771 |gf ^"^(77) - ?7l 
This shows that 

le - g^'"!??)! < 2'"^(5 and |r'^'"(|77|)| < 2^°^6. (6.18) 
where f : [0,oo) -> R is defined by 

/-;M,-(r) :=$-;A^'''(g^''^(re),re) =A,(r''^(r)|)-tiA,,(ri'^^(r))-i2A,,(r). (6.19) 

We turn now to the proof of the lemma. We observe first that (|6.14l) follows from the formula (|6.8p 
and the bounds (j6.15p . (|6.13l) . and (I6.7p . We note also that the conclusion that I^''^''^ is a closed interval 
in the first line of (|6.17p is a consequence of the existence of a constant c satisfying the inequality 
> 2-20^ for any s G I^'''"''" in the second line of (ISTT]) . 

We prove the claims in the lemma by analyzing several cases. 

Case 1. G {<Syb;b+,e+^ ^b.e+,e+y_ this case we have 

t^^^^{0)^0, xZ'"' - l(2--,oo), ?'^''(r)=r + r^-^(r), r^--(s) G [0, s], 
r^^^''(r) = A,(r + r^'^^(r)) - X^At^'^Hr)) - Kir), 

M/-;A^--(s) = A,(s)-A.,(s-r^^'^(s))-Ae(r^''^(s)), ^ 
(a,vl;-;M,^)(,) = a;,(s) - A^(r^^''(s)). 

The claims (|6.13p and (|6.17p with c = 1 follow easily (using for example (jB.Sp ). and the claim (I6.15P is 
trivial. 

Case 2. ^'^^f''" G ^6;e+,,:+^ ^f,;6+.*+|^ this case we have 

i"^"^(0)«c„sl, xr''' = l(t-i-2(0)+2--^„o), ?''^(r) = r + t-^-^(r), r'''"'(s) G [0, s], 

^ ^^(^ + ^.. _ A.,(t'^^-^(r)) - A.(r), 
vI/-^^'^(s) = A,(,s)-A,,(s-r''^''(s))-A.(r^'^(s)), ^ 
id^^-'^nis) = AUs) - AKr^-(s)). 
Notice that 

(drf-'^'nir) = [l + (9t^^^^)(r)]K(r + r^-Hr))-A:,^(t-^-Hr))]. 
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Therefore, using also (HJ]) and Lemma ([XI)) . (c'r/''''"''')(r) >c,,e ^(1 + r2)-3/2 ^nd /'"''"■''(O) > if 
^'^iM,"^ (z {$e;e+,i+^^h;e+,i+^^fc;fc+,i+j. Therefore the inequahty |/'^''''''(|?7|)| < 2-^°^ in (jOSt cannot be 
verified in these cases for any rj) as in (j6.12p . and the conclusions of the lemma are trivial. 

On the other hand, if = $e;6+,i+ ^^^^^ ^^^^ claims in (pl^ follow easily, using (|6.18p and the 

hypothesis of the lemma. To prove the remaining claims we show first that 

\ri\ < 3r"^/V4 < 3r*/4. (6.22) 



(6.24) 



Indeed, starting from the inequalities |/^'^''''*^(|77|)| < 2 and t^*(r) < yfejGh (see (|6.6p ). and using 
also (jA.7|) . it follows that 

The desired bound (|6.22l) follows. This clearly implies the bound (|6.15p . 
Finally, to prove (|6.17p . we calculate 

{ds^^'-''+''+){t'^''m - Kit'^m m = Kif-^m - x',{t'\o)) < -c^i, (6.23) 

(5>^^''+^*+)(s) = X':{s) - {dsr'+'''+){s)X':{r'+^^+{s)). 

Therefore {d^'^^'''+''+){s) > C^l, for ah s G [t'"{0),oo) for which r''+''+{s) < r,. On the other hand, as in 
the proof of (jg:^ . if s € [2'=-'*, 2'=+'*] has the property that |4'^'''+^*+(s)| < 2-20^ then r''+''+{s) < 4r*/5. 
The desired conclusion (I6.17P follows with c = 1 by combining the inequalities in (|6.23p . 

Case 3. <^>''^'^'^'' e {q>^-b-,e+ q,t,b+,e~ ^^e;b+^e^ ,pb;b+,e^y ^j^jg ^^^gg j^^^g 

r^^^(0)=0, xr''^ = l(2--,oo), t^'''ir)=r-e^^Hr), r'^'^(s) € [s, oo), 
r'^'^ir) - A,(r - ri-^(r)) - iiAb(ri^H^)) ^ ^2Ae(r), 
^'^■'^^^''is) = X,{s) - nXUr^-'^is) ~ s) - .2Ae(r^'''(s)), 
(9,vl/-;A..^)(s) = AU5)-^2AUr'^-''(5)). 

The claims in (16. 13^ follow easily, using the hypothesis and (|6.18p . The claim (I6.15P is trivial. The 
conclusion (I6.17P also follows from the formulas above if t2 = — j with c = 1 . 

It remains to prove (|6.17p when ^""■'^^'^ = (j)*;b-,e+^ which case we set c = — 1. For s > we estimate 

(9,*-^-'=+)(.) = X'^is) - X',{r^^-^is)) < 1 - Al(r,) < -1, 

which gives the desired conclusion (j6.17p when s > r*. On the other hand, we calculate 

vI/^^''-''=+(0) = A,(0) + Afc(0)-A,(0)=0, 

{ds^-'-'^+m = xm-Kio)>Ccie, 

(a2^.6-,e+)(^) = - (a./-^+)(5)A^'(/--^+(5)). 

Therefore (i9^\E'*'''~'''"'")(s) < -~C(^^ ^ for s e [0,r*], and the desired conclusion (|6.17|) with c = —1 follows 
in this range as well. 

Case 4. g {$*;e+,*-^ $*;6+,j- j.^ jj^ tj^jg ^.^ge we have 

t"^"MO) «c.,e 1, XZ'' = l(t--(o)+2--,oo), ^'^''(r) =r-t-^-^(r), r^-''(s) G [s, oo), 
/-^^^-(r) = A.(|r - t'^^-^(r)l) - A„, (r^'^^r)) + A.(r), 

vI/-^^^''(s) = A,(.s)-A,,(r'^'"^(s)-s) + A,(r^'''(s)), ^ 
{ds^'^-''^n{s)^X'M + X',{r'^^-{s)). 
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Recalling that i°"i'(r) < yJZejT and \i{r) < ^/l + r'^ for any r G [0, oo), see (|6.6p and (|A.4I) . we estimate 



A,(|r - t-i'^^ (r)|) - A,, (t^^^^ (r)) + A,(r) < -e-^/^ + 2^1+^ 

for any r G [0,(X)). The inequality |/'^''''''(|?7|)| < 2'^°^, see (|5T^ . then shows that \ri\ > (ae)"^/^. 
Therefore \q^''''iT])\ = \v\ - f'^'ilvl) > hl/2, and the conclusions in ((O^ follow using also (ISTTS)) . The 
claim (|6.15p follows from \r]\ > (3e)^^/^. Finally, the conclusion (I6.17P with c = 1 follows from last 
formula in (|6.25p . 

Case 5. cj)^;*'^'^ ^ ^e-b+,i- ^^lis case we have 

i"^"^(0)«c.,el, xr'' = l(0,t'i-(0)-2--), I^''^(r):=r-t''XO, r^'^l^) G [s, oo), 
r^^'^-(r) = Ae(|r - t'^r)]) - Afc(i^'(r)) + A.(r), 
^^^'^■'^(s) = Ae(s) - Ab(r^'''(-s) + s) + A,(r''^''(-s)), 
(9,vl;-;M,^)(s) = A',(s)-AUr''^''(-s) + s). 
Clearly, —/""•'^•'^{O) >c6,e 1- Extending Ae as an even function on E we calculate, for r > 0, 
(a,r;M.^)(r) = (1 - {dt''^){r))K{r t'^r)) {dt'^){r)X',{t'\r)) + A^r) 

Let ro G [0,oo) denote the unique number with the property that ro = <'"(ro). In view of (|6.6p . < 
^e/Cfc < r,/2. Moreover, r-t^^{r) > if r > ro and r-&{r) < if r < tq. Therefore (9,./'"'''''')(r) >c,,e 
1 if r > ro and {drf'^'^'''){r) >c^.e r if r G [0,ro]. Moreover, 

/"^^^"-(ro) = A,(0) - Afc(ro) + A,(ro) = / [K{p) - \[{p)] dp 

Jo 

> roKiro) - roA^ro) + / "[A^ro) - Kip)] dp >c„e L 



Therefore the strictly increasing function /'^i^''' has a unique zero in the interval (2 ^/^,ro — 2 ^/^). 
It follows from KTE^ that if 77 = re then r G (2-'°,ro - 2-^) and \^ - {r - t''^{r))e\ < 2'^°^5. The 
conclusions in (|6.13l) follow. The conclusion (|6.15l) follows using also ro < r*/2. The inequality (|6.17p 
follows using, for example, (jB.5|) . □ 



Remark: The analysis in Case 2 in the proof of Lemma l6.2l shows that the phases $^;^+''+, ^b;e+,i+ ^ 
and are, in fact, nonresonant, in the sense that there are no points 77) G M'^ x satisfying 

(|6.12p . Therefore in the proof of Proposition we may assume that 

^a;^i,u g q-f^ ._ |(jji;e+,i— ^i;b+,i- ^i-.b—,e+ ^i-.b+.e— ^e;b+,i+ ^e;b+,i- 

^e;h+,e— ^b;e+,e+ ^b;b+,e+ (jjfc;fc+,e— | (6.27) 

6.1. Proof of Proposition [6TT1 Once the functions p'^■^^■'^ have been created, the rest of the analysis 
follows similar lines to the analysis of [521 Section 4]. The main ingredients we need come from the 
refined B^j norms and additional orthogonality arguments. We prove Proposition 16. II in two steps, 
see Lemma 16.31 and Lemma 16.41 below, depending on the maximum in the definition of k. 



Lemma 6.3. The bound (|6.3p holds provided that (|6.2I) and (|6.27l) hold and, in addition, 

max(ji, j2) < (m - P^m)/2, (6.28) 

with 

^ _2('5''"-™)/2. (6.29) 



40 YAN GUO, ALEXANDRU D. lONESCU, AND BENOIT PAUSADER 



Proof of Lemma \6.3[ For simplicity of notation, let 

where Xa'^''^ '^^^ defined in Lemma 16.21 and, as before. 

Using the L°° bounds in (|5.17p and (|6.13p (with S = 4k), we see easily that 

||G||l~ < ■ 2™ < 2-™/223'3'™/2_ (g 31) 

This suffices to prove (|6.3p if, for example, j < m{l/2 — 4/3). To cover the entire range j < m + D we 
integrate by parts in s. 

In the argument below we may assume that G 7^ 0; in particular this guarantees that the main 
assumption (pT^ is satisfied. With *'^''"^''(|^|) = $'^•^■''(^,^'^•^^''(0), defined as in (|ST^ . assume that 

2m|^<T;M,^(|^|)| g [2',2'+i], le [/3m,oo)nZ. (6.32) 
Then, using Lemma [6.21 we see that if jry ~ p""'^'"^ {^)\ < then 

|<i>-;M,.(^^ 77) - < „ p^-'^-'^iOl ■ sup |S''^''(e, 01 < 2«°^k|77 - p^^^'^(OI, 

since E^'^" {^,p''-'' {£,)) = 0. Therefore 

2™|$-^'^'^(C, 77)1 G [2'-3, 2'+4] if ^) ^ 0. 

After integration by parts in s it follows that 

|G(OI<2™-Vfc(OI / / \xT''i^,v)\W,n(.^)\\f^^Ai~V,s)\\fi^^{v,s)\ 
We use now (jSJ)) . the last bound in ((5T?1) . (I02)) . and Lemma [Ol It follows that 

\Gm < ^^-'ifkioixT^m ■ < i^PkioixT'^m) ■ 2-'2-^/'2^^^/' (6.33) 

provided that (|6.32p holds. 

We can now prove the desired bound (|6.3p . To make use of (|6.32p - (|6.33l) we need a good description 
of the level sets of the functions ^I''^^^'"'. Let 

k := [/3m + 2J , Ao {C G : 2™|vI/-^^''-(|e|)| < 2'« and |¥>fc(OlxZ'''(iei) ^ 0}, 

A := {C e : 2™|vi/-^^--(|e|)| G (2'-^, 2'] and |¥'fc(Olxr ^''(1^1) ^0}, le [I, + 1, m - lOOZ?] n Z, 

7n-100r> 



l=lo 

For (|6.3I) it remains to prove that for any / € [lo,m — 1001?] n Z 

ll^f •^-^(GOIIb.,, < 2-3/3'". (g 34) 

Using (|6T7)) in Lemma [Ql it follows that there is e*'"-^'" = 6''^''"'''(/x, i/, cr, fc, fci, fca, S [2-^,cx)) with 
the property that 

A C e : I Id - I < 2'-™}. (6.35) 
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Therefore, using also (|6.33|) if I > Iq + 1 and (|6.31|) if Z = /q, 

11^'=) • ^-^GOIIb^,^. < 2(^+«^||GnU. + IIGHI 

This clearly suffices to prove (j6.34p if / > 6/3m or j < m — 3/3to. 
It remains to prove (|6.34p in the remaining case 

I e [lo,6Pm,]r\Z and j e [m - 3Pm,m + D] D 1. (6.36) 

id to u! 

estimate easily 



For this we need to use the norms j defined in (|4.5I) . Assume first that I > Iq + 1. As before we 



Therefore, for f|6.34p it suffices to prove that 

2- sup ^i?-l-F[^f.^-i(GO]|L.(^(^„,^„< 2-3/3^™. (6.37) 

Since |J^(<?f ^)(0| ^ 23^(1 + 2^^\)-^, it follows from (jOSl) that 

|j-[(?f •^-i(G,)](e)| < / |GKC-r,)|.23^(l + 2^|ry|)-*'d,7 



< 2-'2-"'/22'^"/5y li5,(C-?7) •23^(1 + 2^>/|)"6d??. 
Therefore, using now (|6.35p . for any R e [2^^, 2*"] and G M^, 

' • -F^^G;)] ||ii(s(Co fl.)) ^ 2-'2~™/22/3W5 . 2'-™ < 2-3m/22/3™/5^ 

and the bound (|6.37p follows. 

Similarly, using (|6.3ip and (|6.35p . 

2(i-/3)i||c^j|^2 + ||G;J1loo < 2(i-'5)(-''^™)2~'^™+'«/^+3'''''" + 2^"/^^ < 2"^'^'''" 

and 

|j-[4'=).J-i(G,J](0|< / |G,„(C-^)|-23-'-(l + 2-'|^|)-6dr? 

<2-W223/3=- / (e-'7)-2'^(l + 2^|77|)-«dr, 
from where we conclude that, for any R £ [2-^,2^] and Co G R^, 

The desired bound (|6.34p follows when I = Iq, which completes the proof of the lemma. □ 
Lemma 6.4. The bound (|6.3I) holds provided that (|6.2p and (|6.27p hold and, in addition, 

max(ji, j2) > (m - ^^m)/2, (6.38) 

K := 2'^''"2'"^'^(^'i'^'2)-'". (6.39) 
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Proof of Lemma \6.4\ Using definition (|4.4p , it suffices to prove tliat 

Let G = ^PkRZl'^Klifk^,]^^ fk2,32) Si'^*^^ (|O0l) . In proving ((O0| we may assume tliat G ^ 0; 

in particular tliis guarantees tlrat tlie main assumptions ()6.12p of Lemma 16.21 are satisfied. We prove 
first tlie L°° bound in (I6.40p . Assume tliat ji < j2 {the case ji > j2 is similar). Then, see (I5.17P and 

\\fL^M\L^<h 



sup ||/C(s)|Ui(B(e„.fl)) < 2-(i+«^-^i?3/2, for any i?< L 



Using (|6.13p in Lemma [6.21 it follows that 
as desired. 

To get the bound in (|6.40p it suffices to show that 

2(2+2/^)m||g||2^ <2-4/3^n, (6.41) 

To prove this we need first an orthogonality argument. Let x • [O7 1] denote a smooth function 

supported in the interval [—2,2] with the property that 

xi^ — n) = 1 for any x G K. 

We define the smooth function x' : — >■ [0,1], x^^tV^^) x{x)x{y)x{z)- Recall the functions ^p""'''''^ 
defined in (|6.16l) . We define, for any v ^1? and n & Z, 

G.AO ■■=x'i^~'^~v)ipkiO 



and notice that G = "Yliviij? 'Ylm^i G^^n- In view of Lemma 16.21 (i) we notice also that the functions G„_s 
are trivial unless 

V e Z^'^-'^ := {w e Z3 : k\w\ G [2^^^, 2^+^] n [t"^"^ (0) + 2"^^, c5o), |^''''''^''(k|w|)| < 2-200i5}_ (5.43) 
We show now that 

IIGIli. < E El|G"-"lli^+2-i°'". (6.44) 

This additional orthogonality in time allows us a crucial gain of k^/^ in the time integration with respect 
to the trivial bound. To prove this bound we estimate 

Therefore, for (|6.44p it suffices to prove that 

|(G,,„i,G„,„2>l < 2-'*'" if « e Z^'^^''' and [m - nzj > 2i"°^. (6.45) 
Let Wn := n/v2™ • (\E''^''^''^)'(k|?;|) • and integrate by parts in ^ using Lemma [A. 31 with 

It follows that, for any n e Z, 

\F-\G,,n){x)\ <\x + u;„r2oo if 1^ ^ ^^^1 > 2^°^k2". 
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Moreover, using LemmalOand (|03l) we conclude that |(1''^'^''')'(K|t;|)| > Therefore if |ni -712! > 

2100D ^j^g^ 1^^^ - WnJ > 2™^k2™ and the bound (fOS]) foUows. This completes the proof of ([04l) . 
In view of (|6.44p . for (I6.4ip it remains to prove that 

2(2+2/^)™ J2 l|G.,„||i. <2-4'3'™. (6.46) 

I>e2j'^''',ne[2-10K-1,210K-1] 

Let 

G..AO---x'{^-'^-v)MO [ e-*""'"(«^'')x«^^''(C,^)C;(^-^'^)/Ll('?'^)^^' (6-47) 
such that 

Therefore, for any (w,ri), 

l|G,,„||i2 <2™/« / |lG,,,|!i.x(2-"«-'s-n)g„(s)ds. 
Jr 

Therefore, for (|6.46p it suffices to prove that for any s e [2'"~^, 2™+^] 

2(4+2/J)™^ ^ ||g^^^||2^ < 2-4/3*m_ (g ^g) 

Assuming v £ ^^'^''^ fixed, the variables in the definition of the function G^^s are naturally restricted 
as follows: 

\^-Kv\<K, \V-p''''^'^''{fiv)\<K., 

where p°"''^'^ is defined as in Lemma l^?^ More precisely, we define the functions /{' and /j' by the formulas 

(5.49) 

Since \p'^''^'^''{KVl)~p'''^'^''{KV2)\ > 2-s°^k and |[KWi-p'^^^'''(Kt;i)]-[Kt;2-_p'^^^'''(KW2)]| > 2 "^"^k whenever 
l^^i ~ i'2| ^ 1 (these inequalities are consequences of the lower bounds in the first line of (|6.14p in Lemma 
I6.2p . it follows by orthogonality that, for any s G R, 

(6.50) 

E mmh <\\fi,,M\\h 

For any w e and 51,52 e i^(R^) let 
Av{9i,92){0 x'iK^^^-v)Vk{0 / Xfl'''''(C,'7)-^(^[fci-4.fci+4]3i)(C-'7)-^(-P[fc2-4,fc2+4]52)(?7)rf»y- (6.51) 
We observe that 

G„,.(0 = e'^^-(«)A4i?/ns),i?/2^(s)](^), 
i?/r(s) = e— ^-/^s), Ef^is) = e-'^^-/^(s). 
Therefore for (|08l) it sufiiccs to prove that, for any s e [2™-!, 2™+i], 

2(4+2^)™^ J2 \\AAEfns),EfAsml.<2-^^""^. (6.52) 
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We notice now that if p, g G [2, oo], 1/p + 1/(7 = 1/2, then 

11^.(51, 52)||l^ < \\9i\\lA\92\\l^- (6.53) 
Indeed, as in the proof of Lemma IA.3| we write 

^^^{Av{gi,g2)){x) = c / gi{y)g2{z)K^{x]y,z)dydz, 

where 

We recall that fc, /ci, fc2 G [— Z5/2, _D/2] and integrate by parts in ^ and rj. Using also Lemma it follows 
that 

\K,{x- y, z)| < .^3(1 + n-^\x - y\)-^ ■ k^{1 + n-^\y - z\)-\ 

and the desired estimate (|6.53p follows. 

We can now prove the main estimate (|6.52p . Assume first that 

max(ji,j2) < (3/5-/3)m. (6.54) 

By symmetry, we may assume again that ji < j2 and estimate 

\\Ems)\\L^<\\ff{s)u^<^'- 

Therefore, using ()6.53p and (|6.50p . the left-hand side of (|6.52p is dominated by 

and the desired bound ()6.52p follows provided that ()6.54p holds. 
Assume now that 

max(ji, j2) > (3/5 - /3)to, max(ji, ^2) - min(ji, ^2) > 8/3to. (6.55) 

By symmetry, we may assume that ji < j2 and estimate, using (|6J5l) . ([STfl) . and either (jXllI, (jA^ . 
(1X491) or (IX55ll . 

ll^^/r(s)IU- ^ 2-=^'"/22(i/2+/3)ji^ 
Therefore, using (16. 53^ and (|6.50p . the left-hand side of (|6.52l) is dominated by 

(^24m-(-2/3m^ ^ 2"^™2^^+^^^-'^ | j E'/j (s) 1 1 ^2 < 2™+^'^™^ • 2'^+^^^-'i 2"^^^+^'^-'=' 

< 2Ji^J2 23/3™2^^.'i2^^-'^ 

and the desired bound (|6.52p follows provided that (|6.55p holds. 
Finally, assume that 

max(ji, J2) - min(ji, J2) < 8^m and max(ji, ^2) > (3/5 - ^)m. (6.56) 

In this case we need the more refined decomposition in (|4.6p - (|4.8p . More precisely, using the definitions, 
for s S [2™"^, 2™+^] fixed we decompose 

fkujM = P[ki~2M+2]{gi + hi), /fc2j2(«) = P[k2-2M+2]{g2 + h2), 

where 

~(fcl) —(^2) fa r-yX 

51 =5i-^b-i-2ji+2]' 52=52-¥'[,,_2,,,+2]> (6-57) 



(6.58) 
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and 

2(™HI.9i||l^ +2(^-^)-''M|/ii|U. +2^^-^ sup i?-'||/^||LMs(eo,i?)) < 1, 

2(™^I1.92||l^ +2(i-^)-'"^||/.2||l2 +2^^"^ sup i?"'||MlLi(s(eo,i?)) < 1- 

Then, we define the functions gi,h\,g2, by the formulas (compare with (|6.49p '). 

gl{e) ^{2-'"''k-\0 - Kv+p'^-'f^^'^iKv))) ■ -F(P[fe,-2,fei+2]gi)(0), 
J?,i9) ^(2-5"^K-i(0 - K« +p-^^'^(«z;))) • -F(P[fe,_2,fe,+2]/ii)(0), 
g-ie) ^(2-5"^«-i((?-p^^^'''(H)) •-^(^[fe.-2,fc.+2]g2)(0), 

As in (|6.50l) . using orthogonality and (|6.58l) . we have 



(6.59) 



E llff2lli2<2-^^-^'^^% E ll/^2lli2<2-^^'^+^«^ 



(6.60) 



(6.61) 



Let i;^^/ = 6-*^^^"/. Using (|5TB . and either (TO?)) . (1X421) . (1X49]) or (TOSj) together with (15371) - 
(j6.58p . we derive the L°° bounds 

II Willi- < 2-^"'/'^\\gl\\Li < 2-3W22(i/2-/3bi^ 

II^^s52IIl- < 2"^"'/^||g2lUi < 2-3W22(i/2-/3b2^ 
l|i^r/^2lU-<l|/^!lUi<'*'2-^^% 
for any v G Z^''^'^ . Using (16.53^ and (|6.60p - (l6.6ip . we estimate, assuming ji < j2, 

^Am+2f^m^ ^ [ P„ (iS^'ff^ i?rg2^ ) 1 1 i. + 1 1 A„ (i?^' /i^; , £;r.92") 1 1 i^] 

< 24^+2^™^ E Il52lli2(l|i^r5i"lli=e + l|i?r/^l'lli3=) 

< 24m+2/3m^ , 2-2i2-2^ij2 . j2-3n'2(l~2;3)ii ^ 

< 23m2(2'^+'^^)™2"'^+^'^)-'^ • 2"3m2(l-20)j2 

< 2-/3^™ 

Similarly, we estimate 

24™+2/3™^ ^ [p„(i?i'g^i?r/i^)iii2 + iiA.(£;,''/i5:,i?r/i2)iii2] 

<24n.+2/3™^ ^ l|i?r/^2lli==(l|i?.Vllli2+l|i?r/^llli2) 
< 24m+2^im^ . ;.j42-27i2 . 2-2ii+2/3ii 

^ 2~^^^/if^ 
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The desired estimate (|6.52|) follows from the last two bounds and the restriction (|6.56|) . This completes 
the proof of the lemma. □ 

7. Proof of Proposition 14.31 III: Case B resonant interactions 
In this section we consider type B interactions, see Proposition lB.21 and prove the following proposition: 
Proposition 7.1. Assume that {k, j), (fci,ji), (fc2ii2) & , m ^ [1, L] O Z, 

and 

-9m/10< fci,fc2 < j/A^^, max0'i,j2) < (1-/3/10)™, + N;)k+ + D"^ < j < m + D, 

ki<-D/3, k>-D/A, |fc-fc2|<10. 

Then there is k G (0,1], k > max (2('3''"-™)/22-'=i/2, 2^''"-™2'°^''(ji^J2)) , such that 

(1 + 2^)11^'=) . (/^„,v/fc.,.JL,^,^. 2-^'^'™. (7.3) 

The rest of the section is concerned with the proof of Proposition 17. II We have assumed, without loss 
of generality, that ki < k2- As in Case A, the proof of the proposition relies on a careful analysis of 
resonant interactions. For this analysis we need to understand well the geometry of almost resonant sets. 

For cr £ {e, &} let denote the unique solutions in (0, oo) of the equations 



K{R,) = \'m = v/(l + T)/(l + e). (7.4) 

The numbers Ra are well-defined, in view of Lemma [A. 41 and R^ ~e.C6 1- 

For (^, J^) £ {{i+,e+),{i—,e+),{i+,b+),{i—,b+)}, ^ = (wi), — (^2+), ^2 € {e,6}, we define the 
functions r^''•' : [Ra^ - 2"^/^, R„.^ + 2-^^"^) (i?„, - 2'^^^", R^^ + 2"^/!°) as the unique solutions of 
the equations 

\'^^_{r^^'%s))^K{s-r^^^^s))=Q. (7.5) 

Notice that these functions are wen defined for s £ (i?^, - 2-^1^, R„^ + 2-'°/5), since the functions 
r — AJj^(r) — \[{s — r) are strictly increasing and vanish in the appropriate ranges, as a consequence of 
Lemma [A. 41 {\] and the observation that A"(0) — 0. Moreover, 

\{dsr^^ms)\ ~c,,e \s - r^^'''{s)\ for any s £ (i?,, - 2"^/^, i?,, + 2-^/^). (7.6) 

Lemma 7.2. Assume that fj, = (iti), ti £ {+,—}, i' — {(J2+), ^2 £ {e,b}, fc, fci,fc2 £ Z, ki < —D/3, 
k > -D/A, |fc - fc2| < 10, and S £ [0, 2^^"-°]. Assume that there is a point (^, ?7) € x satisfying 

\^\ £ [2'-\2'^+% \r,\ £ [2'^^-\2''^+% \^-rj\£[2''^-\2'^+% |S^'-(e, 77)! < <5. (7.7) 

(i) Then 

k,k2£[-D/lOO,D/lOO], and \\^\ - Ra,\ + \\v\ - R.2\ <c,,e 2''' + S. (7.8) 
More precisely, if ^ — se for some s > and some unit vector e G §^ then 

V^re + 7j', \r-r^'^''is)\<c„eS, |r - s| ii\s - r\ = s - r, (7.9) 

(a) If in addition, 6 < 2^^-^l^^ then 

if i.i=+ then s- R,,^c,,e2''' and R,,-r'''''{s)^c„e2'"'\ 
if ii = - then Ra^ - s xc,,6 2''^ and R„,_ - r^''"{s) wc,,e 2^''^ 



(7.10) 
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Proof of Lemma \7.2\ (i) We start from the formula 



(7.11) 



Since |A-(|77 - ^|) - A-(0)| <e,Cb S^''!, the condition |S'"'''(^, 77)] < 5 and the estimates in Lemma [Ol fi) 
show that I I77I - \ <s^Ct 2^''' + S. The desired bounds in (fr8| follow. 

We prove now the claims in (|7.9p . Letting ^ = se for some s > 0,e e S'^ and rj — re + rj' , r ^ M., 
ri' ■ e — 0, the condition |S^'''(^, ri)\ < S and the formula (|7.1ip show that 



A' (v/r^ + kP)^ 



< s. 



(7.12) 



Recall that AJ-(O) > 0. Recalling also the assumptions (|7.7p and the bounds (|7.8I) . the second equation in 
([712)1 shows that \r]'\ <c,,e 2^^S as desired. In addition, \s — r| ~Cb,e 2^^% therefore 



2fei 



The first equation in (|7.12p now gives 



i^iK{V-s\)-, 



< 26. 



(7.13) 



Since X'^^ii^) ~Cb,e 1 it follows that ti(r — s) = — |r — s\ and, therefore. 



K{s-r) + y,^{r) 



< 25. 



Finally, we notice that the derivative of the map r — ^ —X.[{s — r) + \'„^{r) is ~Cb-e 1 is the appropriate 
ranges of r, s, therefore |r — r'^'''(s)| <c6,e 5. This completes the proof of (|7.12p . 

(ii) If (5 < 2*^1-^/1° then, using dZS]), |s - r^'■'''{s)\ 2*^1. Therefore, using Lemma El (i), 



AJ(0) - A^(s - r^^''(s)) wc,,£ 22*^1. Using the definition it follows that R^^ - r'^'''(s) 



22fei 



□ 



Therefore |r — i?cr2 1 ^Sct.e 2^*''^ +5. The remaining bounds in (|7.10p now follow from the identity ti|s- 
s~r (see ([Ll])) and the assumption 5 + 2^''^ < 2'=i--0/io. 

7.1. Proof of Proposition \7?T[ We further divide the proof into several lemmas. 
Lemma 7.3. The bound (|7.3p holds if (17. 2p holds and, in addition, 

£ |^e;e+,i+^^e;e+,*- ^^fc;fc+,i+^^fc;fc+,i-| ^ ^ [-D/lOO, D/lOO] Or /C2 ^ [-13/100, D/lOO] 

k:=.2-io^. (7.15) 

Proof of Lemma \77^ In any of these cases we have PhRm'^^'^ifki i /fea ~ ^^ing either Lemma [X4l 
(i) (which shows that A-(r) wct.e 1, r e [0,oo), and Ag(r) « Aj(r) «c6,e r, r e [0, 1]) or Lemma [7?^ □ 



(7.14) 



Lemma 7.4. T/ie bound (j7.3p /loMs i/ (j7.2p /lo/ds and, m addition, 

^a-.fi.i^ ^ |^e;j+,e+ (j)e;j-,e+ ^fc;i+,h+ ^fc;i — ,6+| 

e [-13/100, L»/100], max(ji,j2) < {m - P^m)/2 - ki/2, 

with 



(7.16) 
(7.17) 
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Proof of Lemma \7.4\ Let 



(7.18) 



where, as before, 
We have to prove that 

2(i+W||^W . J^-\G)\\l2 + lldUoc < 2-2^'™. 

Usmg Lemma [7.21 and the L°° bounds in ()5.17p . for any ^ G M'^ we have 

|G(e)| < 2™ . 22'=^^2^in(2'=\ . 2-^-^/2 • 1[_2-(2^i+k),2-(2^i+.)](ICI " R..) 

< 22^''"2'=^/2mm(2'=\.c) • l[_2-(2^i+K),2-(2^i+K)](iei - 

The L°° bound in ([71^ follows. 

To prove the bound in (j7.19l) we notice first that we may assume that 2^ < 2^ "'2™(k + 2'=i), which 
is stronger than the assumption j < m + D in (j7.2p . Indeed, assuming that ^ — se, rj — re + rj' satisfy 
(|7.7p with S = 2k, we estimate 



(7.19) 



(7.20) 



< 2'=! 



(7.21) 



if 



2j > '"2"(«: + 2*i) 



|(V5<i>^^'^''')(^,^)| = - {V,<i>--''^niOv) + [VA.(0 - VA.(7y)] 

Therefore, we make the change of variables 77 = ^ — in (|7.18p and integrate by parts in ^ using (|5.17p 
and LcmmalSJwith K « 2'''™2'"(k + 2*^1), e^^ w 2'"(k + 2*^1). It follows that 

2(i+/3b||^W . ^-1(0)11^, < 2-™ 
Therefore, for ()7.19p it suffices to prove that 

2(i+/^)™(«; + 2''^)^+^\\G\\l2 < 2-2/3^™^ 
Case 1. It follows from (|7.20p that the left-hand side of (|7.22p is dominated by 

^2(i+/3)"'22'^^™2''^/22''V(2''^ + kY^^ < 2(i/2+2/5)™(2^''^/2 + 2''^k^^'^) 



(7.22) 



The desired bound (fr22l) follows if fci < -m/3 - 4^m. 
Case 2. Assume now that 



(7.23) 



- m/3 + I3m<ki< -D/3. 

In this case we need to improve on the bound (I7.20p . We use Lemma [7.21 with S = 2k, and notice that, 
as a consequence of ()7.23p . S < 2*''i~^/i". Assuming ^ = se and rj ^ re + rj' satisfy (|7.7p we estimate, 
using also Lemma rA.4| Lemma [721 ^nd (j7.13p . 



<I>'^^^^''(e,77) = A,,(,s 
= Act2 (s 
= Aff2 (s 

= A<X2 (s 

Act2 (s 



- iiA,(V(r--s)2 + h'P) - X.AVr^ + \vT) 

- LiX.,{\r - s\) - X^,{r) + Oc.Ai^^) 

- X„,{r) ~ X,{s - r) + Oc„e{K^) 

- X„,(Ra,) - A.(.s - + Oc.,e('*' + 23'=0 

- A,,(i?,J - A' (i?,,,) • (s - i?,,) + Oc,.e('^' + 23'=0 



(7.24) 



THE EULER-MAXWELL TWO-FLUID SYSTEM IN 3D 49 

We can integrate by parts in s in the formula (|7.18|) to conclude that 

+ |^(|S'^'^(e,ry)|/«)||q™(.)||(a,/^J(e-77,.)||/^,(77,s)| (7.25) 

+ |^(|S^'^(e, v)\/^)\ \qm{s)\ \f^^ (e - V, 5)1 ml^^Jiv, s)\ d^ds. 

We use now (|5.7p . the last bound in (|5.17l) . and the bound (I5.22p . In view of Lemma [721 the volume of 
integration is « {2''^k)'^k and it follows that 



(7.26) 



Therefore the left-hand side of (j7.22p is dominated by 

and the desired bound (I7.22p follows using also (|7.23p . 

Case 3. It remains to prove the bound (|7.22l) in the case 

-m/3-4/3m< fci < -m/3 + /3m and 2-"'/3-^™ < k < 2-'"/3+3/3m_ (7 27) 

We define 



and notice that, using integration by parts in rj as in the proof of Lemma 15.81 

\\G-G'\\l2 <2-i'^'". 
Moreover, using Lemma [A. 31 and the L°° bounds (|7.57p below, 

IIG'lU. <2™ sup mm{\\Efi:^^^{s)U^\\fi:^,^^{s)U.,\\fi:^^^^^^^^^ 

2™ . 2~'^™/^2^ '"'^'''■'"''■'^•"•"'"^^^^'^^ 

The desired bound (|7.22l) follows if max(ji,j2) > m/2, using also (|7.27l) . 
Finally, assume that 

-m/3-4/3m < fci < -TO/3 + /3m, 2-'"/3-^™ < k < 2-'"/3+3^™, max(ji,j2) < to/2- (7.28) 

In this case we need to improve slightly on the pointwise bound (|7.20p . Assuming ^ — r'e, r' € (0, cxd), 
e S §^ and letting ij = re + ij' , r]' ■ e = 0, we define, for any / e Z, 



G'<i(0 :=¥'fc(r'e) / / / e*^*"'''"('-'^''-^+''' V(2^ (r'e, re + 77^)9™ (^^ 

X ifiir - r^^''(r'))/2'K)(^(777(2^+'=i «;)) • jf^^ {r'e ~ re - 77', s)f^^ {re + 77', s) drdrj'ds. 
Clearly, HG - G'<^||l2 < 2-1°™, see ([73]). Estimating as in U^Tm . 

\G'<i{0\ < 2™ • 2^^^k'2'k ■ 2-^-1^ ■ l[_2-(2^i+K),2-(2^i+K)](ICI - ^.J 

< 2^2^*^ m-m/2 , 1j_2D(2'=i+k),2J3(2'=i+k)](ICI " ^<T2 ) • 

Therefore, setting Zo := — [8/3?TiJ we estimate 

2(i-t-i9)m^^ _j_ 2^^ )"'"^'^ II G' 11/^2 ^ 2^+^^2~^^'^~'"'^'^"^ • 2^^2'^^^^^"^^'^2^^^^^^'^^"^^'^ ^ 2^^^^ ^7 29) 
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Finally we notice that we can integrate by parts in r and use Lemma [A. 2 1 with K f« 2™2'k and e^-^ « 
2/3m[2maxOi j2) _^ 2-^(2^^ + k)-^] to show that 

|G<i+i(e)-G<KOI <2-'°" (7.30) 
if I e [Iq, D]. Indeed, it follows from (|7:28l) that Ke > 2'^". Moreover, for (r, rj') in the relevant support, 
d^„.„„,, . „ /7 ,so , ,1. ^ r-r' 



dr 



2 w„ , (7-31) 



\r — r 

The bound ([001 follows from Lemma 1X2] The desired estimate ((7^ follows using also ([7^ . □ 
Lemma 7.5. T/ie bound (j7.3p /loMs i/ (j7.2p /lo/ds and, m addition, 

^cr;/i,i^ ^ |^e;j+,e+ (jje;i-,e+ ^fc;i+,h+ ^fc;i — ,b+| 

fc,fc2 e [-i:»/100,i:'/100], max(ji,j2) > {m- l3'^m)/2- ki/2 
with 

^ ._ 2max(j"i,j"2)+/3^iTi-m^ 

Proof of Lemma \7.5\ We define the function G as in (|7.18p ; it suffices to prove that 

2(i+/3b||^W . t-\g)\\l2 + ||G||l- < 2~2^i^™. (7.33) 
The L°° bound in (|7.33p is easy: if ji < j2 then we use the bounds 

1^^(01 / \J%JMs)\ |v'(|S'^''^(C,^)l/^)|l[2^l-^.2^l+^](le-^l)*7<2-(l+«^■H^=^22'=^)l/^ 

which follow from Lemma [7^ the bounds (|5.15p . and Definition 14. II Therefore, in this case, 

||G||l=° < 2™ • 2^'^i/22^^^+'^^^^(k^2^'^^)"^/^ < 2~^™/''2^-'^~'"^/* 
which suffices. Similarly, if ji > j2 then we use the bounds 

and the desired i°° bound on G follows as before. 

The bound in (|7.33p is more complicated. We notice first that the same argument as in the proof 
of Lemma 17.41 using the estimate (|7.2ip , shows that 

2(i+^W||^(''') . J-1(G)||l2 < 2~™ if V > 2'3''"2™(k + 2^^). (7.34) 
To continue we consider three cases. 
Case 1. Assume first that 

2^^-^ < K. (7.35) 
In view of (|7.34p . in this case it remains to prove that 

2(^+0)"^ k^+P\\G\\l2 <2-2'3''". (7.36) 
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We argue as in the proof of Lemma 15.71 We define first 

and notice that, using integration by parts in rj and Lemma [A. 2 1 with K 2"'k, w 2'"'*'^^^^'^^^ 

\\G-G'\\l2 <2-^°'"'. (7.37) 

Since 11^5^^ •Pfci/p(s)||s.,,, + ■ PkJMWB^,,,, < 1, see ^M. we use gUj-gH) to decompose 



and 



2'™1l5fe.,,.(^)IU^ + II^CWII^- ^ 1' (7-39) 

For /,g e L2(m3), ^ e M^ and s e [2™-i,2™+i] let 

(/, 5) (0 (0 / e'^*""-"«'''V(2^'+'""''^°''^^'^^*"^^''^(e,^))-/(e-^)5(^)d^^ (7.40) 

Using also (fT^ . for (TTM)) it suffices to prove that, for any s e [2™-i, 2'"+i], 

2^'3'"2-"'=i2(2+'3)'"Ki+'^||G',(/,.g)||L2 < f, (7.41) 

where / g {Pfci-2,fci+2.9fc, (g), J'fci^2,fci+2fefc^ (s)}, 9 e {i^fe2-2.fe2+23fc2 (s), Pfc2-2,fc2+2^fe, (s)}- 
Using Lemma IA.3I and p.l6p it follows that 

l|G;(/,5)||L2<min(||i?^7llLH|£^r5lU~,l|i?.^/llL-l|i^r5llL0' (7-42) 
where i?^'/ :— e^^^^^f / and £^^5 := e^*'*^".g. In view of Lemma see also (|5.19p . 

II-E^/IIl^ < 2'3'=i2-™(5/4-10,3)2Ji(l/4-ll/3)^ ||i;^g||ioo < 2-™(5/4-10^J)2J2(l/4-ll/3)^ (-7 43^ 

for / e {Pfci-2,fci+2.gfc^j^(s),Pfci-2,fei+2/ii\jj(s)}, 3 e {^'/=2-2,fc2+25fc2j2('*)'^'=2-2,fc2+2/lfc,,j,(s)}- 

If \ii - ^2! > l^lim then we use together with the estimate 2'"^''(-'i'-'2) « k2™2-^''" and 

the £2 bounds ||/||l2 < 22/5^1 2-(i-'3)^i, ||g||i2 < 2-(i-'^)J^ to estimate 

g)||L2 < 2'^'''i2"''"'^^/''"^"'^^2™"'^-'i'-'2'(^/'^""^' . 2-(i-'5)'n'>-''(ji J2) 

for / e {Pfe,_2^fci+2gfc^j^(s),Pfci_2,fci+2^i\j^(s)}, 5 e {Pfe2-2.fc2+23fe2j2(*)'-Pfe2-2,fc2+2/lfc,j,(s)}- The 

desired bound (I7.4ip follows in this case. 

On the other hand, if \ji - ^2! < 10/3m then we estimate, using ^^-^^ and (fTi^ - lfTig)) . 

||G;(Pfe,_2,fc,+2fft;,,,(g),^'fc2-2,fc2+25fc^2..2(^))IU^ ;$ 2-™(5/4-10;3)2mi„0„,2)(l/4-ll« . 2-(l+/3) max0„,2) 

< 2-™(5/4-iO/3)^^2™2^'^^™)~'^/^~"^^'^ 

< ^-l2-(2+2/3)m2/3^m 
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Moreover, for g e {Pk2-2.k2+'29k2,32^.^) ■< Pk2-2M+2h'{^^j2^s)} we estimate, using also the assumption (|7.35p . 
Finally, 

||G',(Ffei_2,fei+25feiji(s),^fe2-2,fc2+2^fc2,i2(«))IU" 

< min [2-(i+'^)Ji2"''-'^2^''i/22"(^+'^)^'i2"(^"'^)-'"] 

< min [2i6/3™(K2™)-(i+^+^U3/22i6^m(^2")-2] 

< 2i6'3" min [2-(i+^)"«-(i+^), 2-2"^-i/2] . 

The desired bound (|7.41l) follows from these last three estimates, which completes the proof in Case 1. 
Case 2. Assume now that 

K<2'=i--° and K < 2-"(i/3+^/2)^ (7 44) 

In view of (j7.34p . in this case it remains to prove that 

2(l+/3)m2(l+/3)fei||G||i2 < 2-2/3"™. ^7 45-j 

As in Lemma [7. 4[ see (|7.24p - (|7.26p . we estimate pointwise 

|G(0| < 2-2fci . 2^^^^^ . 2/3m/i02-fe, . lj_2.,+..,2'^,+i.](|?| - R.2) 

< ^32^Wl02-'ci . l^_,,,+n^,., + 0]m - 

Therefore 

2(l+/3)m2(l+'9)fei||G'||^2 < 2(l+5/3/4)m^3^ 

and the desired estimate (|7.45p follows since n < 2-'"(^/'^+^/2). 
Case 3. Finally assume that 

2-m(l/3+/J/2) < ^ < 2'=!-^. (7.46) 
In view of (|7.34p . in this case it remains to prove that 

2(2+2/3)m2(2+2/3)fei||(^||2^ < 2~4/3^m (7 47) 

Step 1. We need first a suitable decomposition and an orthogonality argument. Let x ■ ^ ^ [0, 1] 
denote a smooth function supported in the interval [—2,2] with the property that 

x{x — n) = 1 for any x G K. 



We define the smooth function x! ■ ^ ^ [0, 1], x'ix^y, z) :— x{x)x{y)x{z)- We define, for any w e 
and n (li 7i, 



e 



(7.48) 

and notice that G = J2v£r^ Z^nez ^t-,"- 
We show now that 

iiG|ii^< EEii^-.«iii" + 2"'°'"- (7.49) 
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Indeed, we clearly have 



2 



iiGiii. < lE^-." ^ E E i(G.,„,,G.,n.)i. 

Therefore, for (|7.49p it sufBces to prove that 

|(G„,„i,a,„.)| < 2-20™ if«eZ3 and |ni-n2| >2i"°^. (7.50) 

To prove this we need to estimate |J^~^(G'^^„)(a;)|. We would like to integrate by parts in the formula 
(|7.48p . Using Lemma [7.21 and Lemma rA.4l (i), for ^ — se, rj — re + 7/ satisfying (|7.7p with S — 2k and 
IC ~ ^ '^5 estimate 

= [A;^ {n\v\) ~ [r'-^^Am ■ v/\v\ + Oc,A^). 

In particular, | V^3>°"''^''^(^, 7^)1 « 2'''i. After repeated integration by parts in ^, it follows that 

\:F-\G,,n)ix)\ <\x + m„r2"° if \x + w„\> 250^2"^, 

:= n^2™-'=MA;^(«|«|) - A',^ • v/\vl 

for any n e Z. Therefore if \ni - na] > 2^''°^ then \wn, - w^J > 2™^k2™ and the desired bound ((73(I|) 
follows. This completes the proof of (|7.49l) . 

In view of (|7.49p and Lemma [7.21 for (|7.47l) it remains to prove that 

2(2+2;3)m2(2+2/3)fcl ^ || 2 ^ < 2-4/3^m ^ (7 5^) 

Let 

GniO E 
an43 

G;(e):=^fc(e) / / e*"*''^'''"(«'''V(2^'+'"'"''"''''''''^*''''''''(C,?/)) 

X x(2'=^-™«-is - n)q,^is) • /f}; (e - ^7, s)/L7. ^) 

Notice that 

E W^^'-Wl^ ^ 11^" - ^'nh^ ^ 2-1°™, (7.52) 

for any n G Z. Since GJ^ = unless n e [2'''^^'^k^^ , 2''^~^^k~^], for (|7.51l) it suffices to prove that 

sup 2(i+«™2(W-i2"i/2K-i/2||G;||i. <2-2/^''". (7.53) 

„g[2fci-'iK~i,2'=i+'iK-i] 



1*^111 some arguments that involve the use of Lemma IA.3I it is necessary to pass to operators that contain "smooth" 
symbols, such as the symbol {^,1^) — >■ ^(2^^ +max(0,fci,fe2),j,CT;n,i/^^ j^-j^ ^.j^g operators G'^ below. Lemma [A. 31 is not 
directly compatible with "rough" symbols such as — ^ Xjj''''''(Ci *?) since the norm of the inverse Fourier transform 
of such symbols is very large. 
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For /,g e L^{R^), ^ e R^, and s e [2™-i,2'"+i] let, as in (TTIOl) . 
The left-hand side of (|7.53l) is dominated by 



^.31 ' 

se[2'"-i,2"+il 



Therefore, it remains to prove that 



s6[2'"-i,2'"+i] 

Step 2. We decompose ^J^^ •Pfc,4(s) = 2-"'=i [g^^^^.^ (s) + /.^^^^.^ (s)] and vf^^ ■ PkJA-^) = [9l,,,,{s) + 
j2('^)] (|7.38p - (|7.39p . In this proof we will also need the stronger bounds (|4.8p on the functions 

hCni'^) and 

2"''^ sup i?-'lld(«)IUnB(«o,i?))<2^°'S 

^ (7.55) 

2'"' sup i?-'||/i;:,,,,(s)|UMB(eo,i?))<i, 

_Re[2-J2,2'=2],^ogR3 

and the support properties (|4.7p . Recall the bounds 

WIU^ < 2-(i+«^\ ||/.^„,,(s)|U. < 28'=^2-(i-^)^\ 



(7 56) 

(s)iu. < 2-(l+«^^ ii/i^„,,(s)iu. <2-(i-«^^ 



With -E^/ = e~*'*^''/ and -E^g = e^^'^^" g as in the proof in Case 1, we use the kernel bounds (|A.49p . 
(|A.37p , and (jA.42p (as in the proof of Lemma lA.Sp to conclude that 

\\E^P[u,-2M+2M,.,SmL^ < 2'=^/22-3-/22.i(i/2-«^ 

P.^/^[fe.-2,fe,+2](/i;:,,,,(s))l|L~ < 2«'=^ min[2-3W22.i(i/2+«,2-^^-^] 

Pr/^[fe.-2,fe.+2](/^^„,,(5))l|L^ < min[2-3"/22..(i/2+/^)^2-^^-^], 

for any s e [2™^^, 2™+^]. We combine these bounds and Lemma lA.31 It follows from (|7.57p that 
ll^/fci.ji(«)IU~ ^ 2-3™/22Ji(i/2+^) and ||E/^^,^.^ (s)||loo < 2-3™/22J'2(i/2+^J). Recalling that 2'°^'^(^i'^'^) « 

k2'"2-^'™ (see dLS!])), we have 

l|G«(/fc^,,,,(s),/fc"„,,(s))||L^ < 2-3W22minOl,,.)(l/2+« . 3- (1-/3) maxOi ) 

< 2-bi-i2|(l/2+^S)2-3m/22(-l/2+2^J)max(ii,i2) 

< 2-bi-J2|(l/2+^S)2-2m^-l/2 , 2/3^^2^'^", 

for any s e [2™-i, 2"+!]. The desired bound ([73i)) follows if 2-|Ji-J=^l2'^i < 2-^^^™. 
It remains to prove (|7.54p in the case 

2bi-J2l2-fci < 26/5™. (7.58) 
We start by using the bounds (|7.56p - (l7.57p more carefully. We estimate 

\\G's{f,g)\\L^ < 2-3™/22miii(ii J2)(l/2-,3) . 2-(l+/3) maxO'i J2) < 2-(2+2/?)m^-l/2^-2/32/3^m^ 
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if if, 9) = (-P[fei-2,fci+2](3fci,-,i(s)),-P[fc2-2,fc2+2](5fc2j2 («)))• This is consistent with the desired bound 
(j7.54p , if we recall that k'^ < 2™/3+/5™/2 (see ^M^). Therefore it remains the prove that 

2(2+^)m2fci/2^i/2 sup ||G;(/,5)|U2 <2-2^'™, (7.59) 

sG[2™-i,2"«+i] 

if ([735)1 holds, and 

if,g) e {(-P[fci-2.fci+2](5fciji(s)),^'[fc2-2,fc2+2](/lfe2j2(s))), 

{P[k,-2M+2] iK.^j, (s)), P[k,-2M+2] (3fc2,j2 (^))) ' (7-60) 

(^'[fci-2,fei+2](/^fe,j,(s)),P[fc2-2,fe2+2](/jfe2,i2('5)))}- 

One could try arguing as before: recalling that 7 = 3/2 — 4/3 and using (|7.58p . for (/, g) as in (|7.60p 
we estimate 

< 2Tl-Ji^J2l2-(7+l-^*) max(ji J2) 

< 2-5m/2+15/3m^-5/2+5,923,9^m 

Therefore the left-hand side of (|7.59p is dominated by 

^2''"i/22(2+/3)m^l/2 . 230^ni2~^™/2+15/3T?x^-5/2+5/3 <; 23l3^m2~rn{l/2-16l3) ^-(2-50) 

The desired bound (|7.59p follows if is sufficiently small, say k~ 

-1 < 2^/6, but not in the full range 
< 2™'^^/'^+'^/^' (see (j7.46p ). To cover the full range we need an additional argument that uses the 
stronger bounds (|7.55p . 

Step 3. We prove now (|7.59p . We reinsert first the cutoff function xj'' i-^-' define 

Jm? (7.61) 

xS''^''(e,ry)=^(2^^+--(°'^--^-^)$-^'^'^(C,77))^(|S^^''(?,77)|/«), 

where (/, 5) are as in (|7.60p . As before, integrating by parts in ry, we notice that ||G"(/, .9) — G^(/, g)^L^ < 
2-Wm 'pjj^gjj decompose 

vez^ (7.62) 



where x' is as before. For (|7.59l) it remains to prove that 

2(4+2/^)^2^1^ J2 \\G'Uf^9)\\h < 2-'^'", (7.63) 

for any s G [2™-i, 2"+!] and (/, g) as in (iTJOl) . 

In view of Lemma [7?2] the variables in the definition of the function G" 5) are naturally restricted 
as follows: 

^-T^ = bv + 9', e'-V = 0, \e'\<c„e2'''K, \b-{K\v\~r'^'''{K\v\))\<c„eK, 
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where v = v/\v\. More precisely, for any v fixed we define the functions and by the formulas 

rie) := ^[\9'\/{^2^^+''M[p - ^\v\ + r^^^''{n\v\)]/{K2^)] ■ 7(0), 

^ (7.64) 

g-iO) ■.= v{\e'\/{^2^))^[[p-r'^^%n\v\)]/{n2'')] -giO), 

where 9 = pv + 0' , p R, 6' ■ v = 0. In view of Lemma [7.21 and (|7.6p . the functions f"" (respectively g^) 
have essentially pairwise disjoint supports, i.e., 

E ll/^lli^ ^ WfWh' E \\9"\\h < ^-'^WdWh- (7.65) 
Moreover, they suffice to determine the functions Gy g{f,g), i.e.. 



We use CM, CM, and dLMJ. For {f,g) = (P[fc,-2,fci+2] (.9^, (s)), P[fe,_2,fc.+2] (/i^,,,, (s))) or 
if,9) = {P[ki-2M+2](.Ki.n(^)), Plk2~2M+2]iK2.]2^^))) , estimate 

E \\G:Af^9)\\h < E ll/^lli^llff'^lli^ ^ WfWh- llff^lli^ ^ 2-'^M2-^'rJ^^\ 
For (/,g) = (P[fei-2,fci+2](^feiji(s)),-P[fe2-2,fe2+2](3fc2j2(s))) we estimate 

E \\GUf^9)\\h < E ;$2-'=^ll5lli. sup iiriii. <2-2^-^+2«^2-2^^-^^^ 

Therefore, using also the assumption (|7.58p . the left-hand side of (|7.63p is dominated by 

C2'^4:+2P)m ^ ^ ^42-27min0i j2)2-(2-2;3)max(ji,i2) < 2(4+20)m^5227lil -J2 I 2" (27+2-2/3) maxOi J2) < 2-/9™^ 

and the desired bound (|7.63p follows. This completes the proof of the lemma. □ 



8. Proof of Proposition 14.31 IV: Case C resonant interactions 
Proposition 8.1. Assume that {k, j), (fci, ji), (^2,^2) G , m G [1, L] D Z, 

^•J-p.,!^ 7^ = |^i;i:+,i+^^i;i+,i-^^i;i-,i-^^i;e+,e-^^i;e+,b-^^i:;e-,b+^^i;b+,b-|^ -j^^j 

and 

-9m/10< fci,fc2 < j/iVo, max(ji,j2) < (1-/3/10)™ + m > -fc(l + /3^), 

n (8.2) 

Pm/2 + Nl)k+ + < j <m + D, k<-D/A. 
Then there is k e (0,1], k > max (2('^''"-'")/22-min(fci,fc2,o)/22-D/2^ 2'3''"-'"2"'^'^(^i^J'2)), such that 

k.j 

The rest of the section is concerned with the proof of Proposition 18. II Many of the easier cases can be 
handled using the following lemma: 

Lemma 8.2. (i) With the hypothesis in Provosition \8. 11 assume in addition that either 

•^"{^W^^[-Wl(0^[..-4...+4l(e-^)^[.2-4..2+4,(^)}||^ 

(8.4) 
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or that 

10/3fc < max(fci,fc2) < -D/lOO, max(ji, ja) < 3/3to, 

I ^) y[fc-4,fc+4] (Oy^[fci -4.fci+4] - '7)y[fc2-4,fc,+4] (>?) 

^) '<^[fc-4,fc+4] (C)<y5[fei-4,fei+4](C - '7)<^[fc2-4,fe2+4] 



2 — k — ki~k2 



(8.5) 



T/ien, /or any k € (0,1], n > max (2('5'"-")/22-™'"(''i''^2'")/22--D/2^ 2'^'"-"2™^'^(ji'J^)), 

2^-||^f . PkKn^{fi:,^,,JLjJ^Bl^ < 2-'^''". (8.6) 
('iij The inequality (j8.4l) /loWs i/ 

l*''^'''(C,'7)l >2^ + 2^ + 2^ (8-7) 

/or aZZ (^,?7) G x satisfying \^\ € p'^-e^ 2'=+^], |^ - r;| G [2*^1-6^ 2'=^ +6], \tj\ G p'^'^ -6^ 2*^^+6] . 

Proof of Lemma lKM (i) The proof is similar to the bound on N^'^'^^'^ in Lemma [5.81 In view of (|5.67p 
it suffices to prove that 

2''\\lpf ^ ■ PkT,T'-{fi:,,,,JLjJ\\Bl^ < 2-'^'". (8.8) 
After integration by parts in s in (|5.8p . we obtain that 
2'=^K'^'''(/^^_^.^, /^^,^.J] ^ z [Ti + T2 + Ts] , 

2fc _ 



^2(0 := e 



T^iO := 1 e-'^--(^-'') ^^J^^ q„,{s) . /IV (C - s){dsJi;^){v, s) d^ds. 

(8.9) 

RecaU Definition 14.11 We first show that 

2(1/2-^+.). . 2^1,^^ . ^^.ji,^^ < 2-2^^™. (8.10) 

Indeed, using Cauchy-Schwartz inequahty, (|5.17l) . (I5.20p . and either (|8.4I) or (|8.5I) . we see that, letting 

^ 2-2O0fe _|_ 26max(fei,fe2,0) 

ll^.-TalU. <2"A sup ||(a,/^^(.s))|U2|l/^j;(s)|U2 < A2-''-2-i°™-('=-'=-o), 
Ikfe-TslUo. <2™A sup ||/^,,,(.)IUHI(aJ^,.,,(.))IU^ < A2-^'"2-i°--('=-'=-°), 

s6[2'"-2,2™ + 2] 

and this gives acceptable contributions. Proceeding as above, using (|5.18p we get 

W^k ■ Tillioo < A2-(i-'3)(Ji+J'^)(l + 2''')-^"{l + 2*^^)-!". 
Therefore, this gives an acceptable contribution to (I8.10p unless 

\k\ + \h\ + Ihl + ji + j2 < f3^m. (8.11) 
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Now, assuming that (|8.1ip holds, we can strengthen the L°° bound. Indeed, we decompose 

with 5 = 2-"/3. Applying LemmaEJwith X w 22™/3, e « 2-"/^ it is easy to see that 

if (|8.1ip holds, which is clearly sufBcient. On the other hand, we observe that 

l^'^'i^, V)\ > |VA,(77)| • min(|(^ - 77)/!^ - v\ - vMl\\i( - v)/\C - v\ + v/\v\\) 
> 2-'5™min(|(e - r;)/|e - v\ ~ vM], |(? " v)^ - v\ + vM\) 

Consequently if \^\ e p'^-^, 2*^+2], \^ - t]\ e [2'=^i-22fci+2]^ ^ [2'=^"^ 2^=^+2], and \E^'''' {^,ri))\ < 2-™/3 
then 

niin(|(e - VMI \{C - v)/\^ - v\ + vM\) < S^^^^ 

A simple estimate using the L°° bounds in (|5.17p then gives \\tpk ■ 71:11^°= ^ 2^™/^, which suffices to 
finish the proof of ((5TTU)l . 

To finish the proof of (|8.8p . it suffices to prove that 

2(i+a)fe2(i+«™||P,T;;M,^(//;^^^.^ j.^^^.jll^, < 2-2/5'". (8^^2) 
Assume first that (|8.4p holds. Then we use the bounds 

\\fk^.ni^)\\L- ^ (2"^-i ^2io'=0"'2-(i-^)-''i22/5'=S 

\\fk,,j,is)\\L^ < (2"''' + 2i"'=^)-i2-(i-'3W^22'3'=% (8.13) 

ll(a.4^^,,.j(.)IU. + ||(a./^,,,-j(.)|U. < 2-™(i+'5), 



and the L°° bounds 



ll^/fciji(s)IU- < min(2-6fei,2(i/2-"-/^)fei)2-'"(i+/: 
ll^/fc2j2(s)IU- ^ min(2-6fc2^2(i/2-"-/?)fe2)2-'"(i+/: 



(8.14) 



ll^/fc2,j2(^)IU- ^ 2-"(5/4-10/^)2,2(l/4-ll/^)^ 

for any s £ [2™-\ 2™+!], see ([5T7)) - ((OD)) . Using the assumption (g^) and Lemma [Ol it follows that 

2Qfc2(l+/3)m||p^y^||^2 < 2(1+^)™ . 2-™(5/4-10^*)2min(ji j2)(l/4-ll/3)2-(l-(9)maxO-i,j2) < 2-/3m 

2Qfc2(i+/3)m||pi^2^^||^^ 2(1+'^)™ , 2"^2^^"'^^^^^2^™'^^^^'^ < 2"*^™ 

2C(fc2(i+^i)ni|| < 2^"'""'''^)'" . 2'"2-™''"'"^'^-'2— "'■"'"''"^^ ^ 2"*^™ 

and the desired bound (|8.I2p follows. 

Assume now that (|8.5p holds. We estimate as before, using however the stronger L°° bounds 

l|£^/feiji(s)IU- ;$ 2-™(3/2-10/J)2J-l(l/2-ll/J)^ 
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see (|A.21|) and (|A.23|) . Then we estimate, using (|8.13p . (|8.15|) . and Lemma [0| 

2Qfc2(l+'5)™|jPi.ri||i2 < 2'^^+'''™ • 2"/^ • 2"™(3/2-10/3)2min(ji J2)(l/2~ll^)2-(l-/3)max(iij2) 
< 2™(4/3-3/2+12/3) <; 2-/3^™ 

Similarly, we estimate, for I e {2, 3} 

2Qfc2(l+/3)m||p^2i <; 2(l+/3)ni . 2™2™/'^2^™'-"'"+'^-'2~™^'^/'^~"'"'^'^-'2'"'*'*^'-'^ '■'^■''•"'"/^""'"^^ 

<; 2™(4/3-3/2+12/3) < 2^/3^™ 

The desired bound (|8.12p follows from the last two estimates, 
(ii) Without loss of generality we may assume that fci > k2- Let 

^^^'^"^ J^3 e"'^e'^-'' ^i.^^^^^ V>[k-i,k+i] iOnki -4,fci+4] - ?y)v'[fc2-4.fe2+4]('7)rfCcf?7- 

We can integrate by parts to prove suitable estimates on the kernel K. We use the general formula 

n<|a| + |6|, |ai|+...+ |a„| = |a|, |6i |+...+ |h„ | = |&| 

for any multi-indices a and b, which follows easily by induction. 
It follows from (fSTTl) that 

\K{x,y)\{l + 2^\x\y{l + 2^'\y\)^ <2^''2^''' + 2'=^ + 2^1 < 2-fei 23(^+^2) 

for any x,y E Therefore ||i^||Li(R3xa3) < 2-*^i26'"'^''(''''=i) as desired. □ 

We will also need the following result whose proof is identical to the one of the first case of (i) above 
since we can always use Lemma [A. II to pass from /^'^ to Qi/^'^ and from /^^ to Q2fk.^ j^- 

Lemma 8.3. Let go, 91, 92 G 5^*^*^ and define the operators Qq, Qi and Q2 by 
With the hypothesis in Provosition \8. 11 assume in addition that 

^ [ '^[fe-4,fc+4](0'^[fci-4,fei+4](C-?7)'P[fc2-4,fc2+4]('7)| (jj3 >,r3) ^ ^ 2 

(8.17) 

i/ien, for any k G (0,1], k > max (2('5''"-")/22- ™"('=i''=^'0)/22--°/^ 2'5''"-™2'"'^'^(ji'J'2)) , 

2'=||^f . PkR^raTiQifL,.>Q^fLn)\\Bl^ < 2-'^'""- (8.18) 
8.1. Proof of Proposition l8.ll We divide the proof in several cases. We consider first the easier phases. 
Lemma 8.4. The bound (j8.3l) holds if (j8.2p holds and, in addition, 

^cr;f^,u |<j,i;i-,i- ,j)i;e+,e- <j,i;e+,b- (j)i;e-,b+^ (j)i;b+,b-|^ (8.19) 



Proof of Lemma \8.4\ The condition (|8.7p is clearly satisfied if = . This condition is also 

satisfied if 

|^»;e+,e-^^»;e+,f,-^^i;e-,6+^^,:;&+,&-| ^^^^^ 2max(fci,fc2) < fc-ZJ/lO. 

Indeed, in this case 

> HO ' |A.,(e - ry) - A.2(^)l > ICI - Cc„e(|C - + \vf) > 2'. 
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The desired bound (|8.3|) then foUows from Lemma \8l2\ in these cases. 
It remains to prove the proposition in the case 

g£ $*;e-,fc+ $i;fc+,fc-} and fc < 2 max(fci, fcz) + 15/10. (8.20) 

In this case, since k < —D/4 from (|8.2p . we remark that k < min(fci, k2) — 20, |fci — < 8 (otherwise, 
we would have k > max(fci, fc2) — 4, which is incompatible with (|8.20p and k < —D/A) and that 



(t.,V)\ <.Ct,e < I I . , I I I |. 3 . , (8.21) 

These inequalities follow from Lemma lA. 41 Consequently, we see that if 

fc > 2/3to — m/2 — min(/ci, ^2, 0)/2 if cti = 1T2, 
max(/ci, ^2) > 2/3m — m/2 — min(/ci, ^2, 0)/2 if cti 7^ (72, 



.22) 



then Pk^^i = 0, since k = niax(2-(i-'5')"/22- min(fci,fe2,o)/22~£'/2^ 2'"^''(ji J^)-*!-'^')"). The desired 
bound (|8.3p becomes trivial in this case. 

Independently, using Lemma [A. 31 and (|A.37[) . (jA.42[) . we directly see that 

<2^ sup Tn\n{\\Efi:^^.^^{s)U^\\fi:^^^^^^^ 

from which we deduce that 
In addition 

2(3/2-^+a);c||_^p^^.^,.(^p ^^^.^^^^ sup \\f]i,,S')\\L4fk,.,M\\L^- 

se[2'"-*,2"'+*] 

< 2(3/2-/3+c()fc2m 

Therefore 

2^\\^f^ ■ PkTiil'^''{ff^^,j^J^^^j;)\\Bl^ < 2(i+")'=2(i/2+/3)™ + 2(3/2-^+")fc2'". (8.23) 

Using also (|5.67p . this gives the desired bound (|8.3p if cti 7^ (72 and (|8.22p does not hold, since in this 
case the right-hand side of (|8.23p is dominated by (72"™/^". 

If ai = 0-2, and k < -3to/4, then follows from (18^231) and (fOTj) . If fc > -3m/4, since A^, is 

smooth when ai G {e, 6}, we observe that 

|aP$.;..+,..-(^^^)| <^ 2^ V \p\ > 2, e {e,6}, 

as long as |f | < 2'"'+'*. Besides, from ()8.2p . we have that max(ji, j2) < (1 — /3/10)m + k. Therefore we 
can use LemmaEJwith K = 2(i-/3/20)™+fe, g = 2- ">ax(ii,i2) ^ conclude that 

from which the desired inequality (|8.3p follows easily. □ 
We consider now the remaining two phases. A key observation is the weak ellipticity bound 

A^(a) + A^(6)-A^(a + 6) >c,,£amin(l,6)^ if < a < 6 and a G [0,2-°/^^]. (8.24) 
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Indeed, using Lemma lAjH if 6 < r*/2 then 



2 



X,{a) + X,{b)-X,{a + b)= / [X'{r)- X'{b + r)]dr = / / ~X'^'{r + s) drds ^c,.e ab 

Jo Jo Jo 

On the other hand, if 6 > r,/2 then 

X,{a) + X,{b)~X,{a + b)= f [X'{r)-X'{b + r)]dr> f [q,{r) + rq',{r) - q,{b + r)]dr ^c„e a, 



and the desired lower bound (|8.24l) fonows. 
We prove first the required i°° bounds. 



Lemma 8.5. Assume that (|8.2p holds and 

Then, for any k € (0,1], k > max (2('^'™-")/22^ ™"('=i''=2'*''/22-D/2^ 2''''"-'"2'"'^'^(j'i'J'2)) , we have 

2('/'+"'^^'ll-FPfci?j;.T(4^„,v/fc.,.JIU~ < 2-2/^^™. (8.25) 
Proof of Lemma \8.5\ Integration by parts in s gives 



e 



First, using dOJ), (jSTfl) . and ([QO]) . we see that 

2(3/2+a-/J)fc||^^,. <2(3/2+a-/^)fe2-fc-^-^2'" SUp |1 (5. /^J (.) |U. j] i^J,s) |U. 

^ 2(3/2+a — /!?)/c2^^'^^l 2^ 2^1 2^^"'"^^^^2^^^^~^^^'^ 

< 2-/3''™. 

Similarly, 

2(3/2+a-/J)fc||^^ .y^ll^^ <2-'5'™. 

Assuming that 

|fc| + |fci| + |fc2| + |ji| + b2| >/3'm, 
and using Holder's inequality, we find that 

2(3/2W)'c||^^.. <2(3/2+a-/3)fc2-'c-£r-£; 1 1 (^) • • 1 1 -CT^ (^) 1 1 

sg[2'"— 1,2"+"] 

< 2(3/2+a-/3)fc2-fe-feT-feJ22'3(*^+*^)(2"'^i ^ 2io'^i)"i(2"'^2 _l_ 2i"'=2-)-i2-(i-/3)(ji+i2) 

< 2-/3^™ 
On the other hand, if 

\k\ + \h\ + \k2\ + \ji\ + \j2\<P'm, 
then we can decompose Ti — Ti-i + T1.2 as in the proof of Lemma and estimate also 2('^/^+"~^^''||<y£>j, • 
Tilk- < 2-'^'™. The desired bound fK2Eh follows using also (jCTZl . □ 
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or 



or 



We prove now the weighted bounds, in two steps. 
Lemma 8.6. Assume that (|8.2|) holds and 

Then the I? bound 

2(i+.)fe2(i+«^||P,i?-M;^''(/A;^^.^,/^^'^_^.J||^, < 2-'^'™ (8.26) 

holds for any k G (0,1], k > max (2(^'™-™)/22- mi„(fci,fe2,o)/22-D/2^ 2'^'™"™2'"^''(j'i'J'2)) , provided that 
either 

max(fci,fc2) > -15/10, (8.27) 

max(fci,fc2) < --D/10 and k + min{ki, k2)/2 < ~ rn)/2 + D, (8.28) 

max(fci,fc2) < --D/10 and fc + niax(fci, fcs) + (1 - ,3)j < 2i?, (8.29) 

or 

$<t;m,^ = $*;^+.*- and ^2 > fci + 9, (8.30) 

or 

= a„rf ki>k2 + 9. (8.31) 

Proof of Lemma [KB[ We use Lemma lS?^ first: the conclusion follows if either (|8.30p or (|8.3ip are satisfied, 
since the lower bound (|8.7|) holds in these cases. 

The lower bound dHj]) also holds if niax(fci, fc2) > -D/10 and = On the other hand, 

if niax(fci,A:2) > -L»/10 and ee then 

|(D^$'^;/^."^)(^,^)| < 2^(1-1^1), 
liDP^^'f^nii, ^)\ = \{DPA,)ir, - - {DPA^Ml < 2^ 

as long as \^\ G [2>'-^,2'^+% |C - ryl £ p'^i "6, 2^=1+6], I77I G [2fe^-6^ 2'=^+6], and |p| G [0,4], |pi|,|p2| e [1,4]. 
The last bound follows from (|8.24p . We can use the formula (I8.16P and integrate by parts as in the proof 
of Lemma 18. 21 fii) to conclude that (|8.4p holds. The desired bound (|8.26p follows from Lemma [52] (i) • 
Assume now that (|8.29p holds. We then estimate, using Plancherel, (|5.18[) and (|A.49p . 

Il?'m'"'''(/fei,ji'/fc2j2)l!i' 

<2" sup min(|l£;/^^_^.^(.)|U.||/,^^,^.^(.)|U.,||/,^^,^.^(.)|UH|i?/r2,,2(^)IU~) 

< 2" . 2-3/2m2(2/3-Q)(fci+fe2) ^-^i^ ^2'=i/22(i/2+/3)ji2-(i-/3)j2^ 2'=2/22(^/^+'^'^'"2"(^~'^)-''i) 

< 2~™/22(l/2+2;3-a)(fci+fe2)(-2-2^!fci _j_2-2/3fc2-) 

Therefore, assuming for example that ki > k2, 

2(i+a)*;2(i+/9)j|jy«;A',''('j^ )||^, < 2(i+")fc2^(^+^^)('^+'''i)2^™/^2^^+^^^^"^'^i 

^ 2-3^(/c+fei)2-m/2 

by The desired bound follows using also (gilTl). 
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Finally, assume that ()8.28p holds. Assume first that k < min(A;, fci, ^2) + 10 and max(ji, J2) > 3/3m or 
max(fci,fc2) < — 3/3m/2. In this case, we may simply use Plancherel, (|5.18p and (jA.49|) to estimate 

II ^m''''^ (/fci ji ' fk2 J2 ) 1 1 

<2™ sup min(|li?/if^^.^(.)|U»|l/^^,^.^(.)|U.,|l/^^^.^(.)|U.|l£;/,^^,^.Js)|U^) 

se[2'"-'',2™+''] 

< 2™ • 2^'^/^™2^"'"/^^'^^^ max(fei,fe2)2(l/2+/3)(min(ji j2)-max(ji j2))2~(l/2-2/3) max(ji,j2) 

and therefore, assuming for example that fci > fc2, 

2(l+Q)fc2(l+^i)j||yi;^,iy^j/j ^ji, ^11^^ <; 2(l+")['=+'--i/2]2(l/2+/3)rn2-(l/2-2^)max(ji j2)2(ll/3/4)fci <2-/3^'". 

The desired bound ((g?^ follows using also (j5.67l) . 

Assume now that min(fci, fc2) < k — 10. In this case k > max(fci, ^2) — 4 and necessarily max(ji, J2) > 
m/8 by ()8.28p . We may assume that k2 < ki. If ji < j2~6/3m, then, using Plancherel, (fSTTS]) and (jX49l) . 
we get that 

WT^^'^U^n^fLn^h^ ^ 2™ sup ||i^/^„,, W||l^||/^2.,.(«)IU^ 

5g[2m-4 2"i + 4] 

< 2^ . 2-3/2m2'=i/22(l/2+/3)ii2-(l-/3)j223/2/3(fci+fc2) 

and therefore, 

2(i+a)fe2(i+/3)i||2ii;A'.''(-jM . , )||i2 < 2(i+")['=+'''2/2]2(i/2+/^)™2"'^^/^+'^/'^^(^^"-'^'2^/'''^-'^ < 2-^''™_ 
The desired bound (|8.26p follows using also (|5.67p . If ji > j2 ~ 6(3m and max(ji, ^2) > rn/8, then 

(1/2 + P)j2 " (1 - /3)ji < -(1/2 - 2/3) ji + 2/3m + 4/3^™ < -4^m 
and using Plancherel, (|5.18p and (|A.49p . we get that 

\\T:r'''if^,,,JL,2)\\L^^^"' sup ii/^,,,(s)iu.iii?/^,.,,(.)iu~ 

5g[27Ti-4 2m + 4] 

< 2^ . 2-3/2m2'=2/22(l/2+/3b22-(l-'3)ji2-''/2'3('=i+'=2) 

and therefore, 

2(l+a)fc2(l+/J)j|j2ni:A'."'(-y/^ . < 2(l+")['=+'=2/2]2(l/2+/?)m2[(l/2+/3)j2-(l-/?b"l)23/2/3(fci+fe2/2) <2-/9='m_ 

The desired bound (|8.26p follows using also (|5.67p . 
Finally, assume that 

k<{2l3m-m)/2 + D, max(ji,j2) < 3/3m, -_D/10 > fci > ^2 > -3;5m/2 - 10. 

If = then the lower bound (|8.7p holds, and the desired conclusion follows from Lemma 

10 On the other hand, if ^'^^''■'^ = $«;'+,«-^ then we claim that (|H31) holds. Indeed, using also 

I > 2fe+2fei^ 

\DP^'''+^'-{(,rj)\ < 2''2-\P\''\ \p\ > 1 
|^Pi^P2 I < 2(i-|Pi|-|P2|)fci^ i^^i . i^^l > 1. 

We use (|8.16p and proceed as in the proof of Lemma |8]2] (ii). The desired bound (|8.5p follows and we can 
apply Lemma [8.21 to complete the proof. □ 

In view of Lemma 18.41 and Lemma 18. 6[ for Proposition 18.11 it remains to prove the following lemma. 
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Lemma 8.7. Assume that f^"'^''''' e {$';»+/'+^ and that 

-9m/10 < fci,fc2 < i/A^o. max(ji,j2) < (l-;3/10)m + A:, fca < fci + 9 < -i:»/10 + 9, 
/3m/2 + < j <m + D, (1 - /3)j > -fc - fci + £», (8.32) 
(/J^m - m) + 2D <2k + k2< -D/2, 

and set k 2^^^ . Then 

2(l+a)fc2(l+^b||^W . J. < 2-2/3^™. (8.33) 

Note that, in view of (I8.32p . n = 2^^^ satisfies the necessary assumption 

K, > niax (2'^^™^"'^/^2^ '"'"^'^^''^^'''■'^^2^"^/^ 2'3^™^™2™'''^^-'^'-'^-') 

We remark that Lemma ISTfl covers the case of ^2 < for $*'*+^*+. By symmetry, this also covers the 
case fci < fc2. 

Proof of Lemma \8.7\ In this lemma we need to use finer decompositions and additional orthogonality 
arguments. We will use repeatedly the following observation from the sine law in the triangle formed by 

^'^ sin(Z(g,r^)) _ sin(Z(e,g-77)) _ sin(Z(g - 7?, r?)) 

We need to introduce some angular localizations. For 6 < 1/10 to be fixed in each case below, we 
choose {uji}i a maximal family of (5-separated points on the sphere which is symmetrical in the sense that 
w S {i^i} —1^ G and we define 

xliO = vi'^-'Ci - iM2-''s-^^,M2-'^6-^^,), xlM) = X°ARu:,0 (8.35) 

where Ri^- is a rotation satisfying Ri^.{iOi) = ei. We similarly define 

xlAv) = ^i2-'''-'%i^m2-'''-'"s-%M2-'^^-'H-'m), xlM-xlAR^.v)- 

We then define the corresponding operators by the formulas 

Since {ui} is maximal, there holds that, for any / G i^(R'^), 

ll/lli^<EllQi./lli^^ll/lli^' 0<^'<2, (8.37) 

uniformly in A:, A:2, (5. In addition, satisfies 

IIQi/liLp < II/IIlp, < j < 2, 1 < p < c^. (8.38) 

Case 1: assume that 

J > m + ^2 + D. 

In this case, we only need a coarse localization which separates the poles and we use the finite speed of 
propagation to treat parallel interactions. 

We set S = 2-^/1° in the definition and decompose 

Since tliis sum is finite, we need only show that for any choice of ojo, wi, 0^2, there holds that 

2(i+a)fc2(i+/^b||^W . P,0°„i?^':;,''(Qij^^,^.^,Q5j^^'^_^.j||^, < 2-^^'™ (8.40) 
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Indeed, we need only consider two subcases. 

(i) If Z(wo,wi) > 2-'°/20, then, in case = $';^+''+, wc find that 

\E^+'^+itrj)\>Z{Lu,,U2) (8.41) 
and therefore (|8.40p follows trivially. In case = we claim that 

_^| X..o(Ox^^(C^^jk^.W ^^^_^^^^^^^^^^^ ^ (8.42) 

Assuming (|8.42p . the estimate (|8.40p follows from Lemma [8.31 To prove (I8.42p . we first observe that, 
using (I8.24P and Lemma [A. 41 

$^^^+'-(e, v) = A.(|C|) + M\v\) - m\ + \V\) + [A.(ICI + - A.(IC - 

>m\ + \v\)-m-v\) 

>m + \v\-\^-v\ 

> lei [1 - cos(ze, e - v)] + \v\ [1 - cos(Z77 - e, v)] 
>lel 

and the inequalities 

|^P,j,M+,.-(^^^)| <2(i-|pl)fe, |p|>i, 
\DP<i>'''+^'-{^,Tj)\ < 2'=2-l''l'=^ IpI > 1, 

hold in the support of the multiplier in (|8.42l) . Using the formula (|8.16p and integrating by parts we 
derive the inequality (|8.42p . 

(ii) if Z(wo, wi) < 2^^/^^^, we claim that, on the support of 

^(2^^ (^^ 77))^(2^-^ IS^-'' iOnk. -2M+2] - vMk,-2M+2] {V)xl, iOxl, - v)xl, iv) 
we have that 

|V5$*'^'''(C,77)| < 2*=^ (8.43) 
Indeed, on the support of Xc^''^ i have that Z(^,^ — ?/) < sin(Z(^,^ — 77)) and therefore, using also 
and the smallness of |S'^'''(C, if Xct^'^i^, v) ^ 0, then 

ivc^'-'^'^it < \m\) - m - v\)\ + At ^ - v) 

< 2'=i+'=2 + 2'=^-'= sin(Z(^ - 'n, 77)) 

< 2*^^ + 2''^-''\E'''''{^, ri)\ < 2''\ 

From (|8.43p and the assumption j > m + fc2 + -D, it follows that if |a;| > 2^~'', s < 2™+'', then 

|V^ [x-S, + s$^''^''^(e, v)] \>\x\~- 2"'+^-'+°/'^ > 2^-^. 

We may then use LemmaEJwith / = 2-^ [x • ^ + s$'''''''(^, 77)] , K = 2^ and e = min(2-™(-'i J^)), 22*^) 
to conclude that 

from which (I8.40p follows easily. 
Case 2: assume that 

j < m + fca + D. (8.44) 
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In this case, we need a finer decomposition in order to obtain an efficient bilinear estimate in ()8.49p . We 
define 

x'c''itv)--^^{2''^''i>'-'^'''{tv)M2''-'\^''''{tv)\)M^^ (8.45) 

and fix ^ = 2"'^'''-''-''^^ in the definition (1535)) - (I53S)) . By (153^ . we see that S ^ 2''K An important 
property is that 

xl{Ox^'-{i,v)=xl{Ox^'^{i,v)xl.{i-v)xl{^) + xim^ 

Indeed, for Xc^'*^j this follows from (I8.4ip . For Xc^''~> similarly see that 
and, using (|8.34l) . 

sin(Z(e, 11)) = sin(Z(C - t;, 7y)) < 2^^^ , sin(Z(^, ^ " ^)) = ^ sin(Z(^ - r;, v)) < . 

Now, we perform an integration by parts in s and obtain that 

Qu.R'^y-ifk, n^fLn) ^ * / [9:„(s)ni..(s) + g„(s)n2..(s) + g,^(s)n3,.(s)] ds; 

JK. 

Using (|A.3|) . (|A.49P and ((Og)) . we easily see that 

||ni,45)|U. <2-'=-'=-'=^ min(||i?gi/^^^^.^(.)IU~||Q5/,^^,^.^(.)IU.,ligi/^^^^.^(.)IUHli^Q^ 

and therefore, using orthogonality property (|8.37p . 

II / Qmis) • y'ni,^(s)ds||L2 
< / qLis)\\Y.^lMML^ds 



ds 
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and finally, with (fSH]) . ([832]) and dEH, 

2(i+a)fc2(™||^q;^(,).^ni,^(.)d.|U. 



< 2"(*;+'=i+'=2)2-fei/22-(i/2-^)™2~(^/^~^'^)™'*'^(^^'^^)2^'^''^^+'''^^ 

We now turn to Hj,,^ and Hg,^. Using (|X23)) and (|X60|) . we see that for any s £ [2™"", 2™+'^] and ji, 
j2 satisfying (|8^ . 

Therefore, using dESH]), ([OHl) . ^jSM^ and Lemma [Q we see that 

llEn2,c.(s)IU^ < (Elin2,c.(.)|li2 ) <2-'=-'=-^-^ (Ell^/fc....(^)lli-IIQ'(^^/fc'2,.2)(^)lli^) 

and therefore, using (|8.48p . 

/ qm{s)\\Tll,,Us)\\L2ds < 2-k2-5mM2-a+20)^^ 

so that, using (|8.44p . 

2(i+o)fc2(i+W|j /■ g„(s)En2,^(s)ds||L2 <2"'=2(i-i"^)'=^2-'^"' 

which is sufficient. A similar bound holds for || /jj 9m(s) X^lj n3,w(s)c?s||i2. This gives (|8.33p and finishes 
the proof. □ 

Lemma 8.8. With Xc" defined as in (|8.45|) . there holds that 

^M\^[-^ir^I^^^X.{Ox'd''{tv)Y\LH^^ (8-49) 
Proof. We may assume that w = ei. We begin with the case i^^'t^'^ — and we write 

K{x.y) ■■= I e'^^''-'^y^ \,J,. . xUOx'^''i^,v)d^dv. 

The inequality (|8.49l) follows from (I8.24p and the following bounds for (^, ry) in the support of XeiXc'^'- 

\'f'-''^'''{tv)\ ■ KdlW. ^.J,, J < 2-Mk2-\-\(k+k^)2-\r\k.2-Hi^^^+'^^), 2 < t,j < 3, 

a) \dP^dld;^^&i'j^ip{2-''\E'''''{C, 7^)1)1 < 2-|pl'^2-l'"l('^+'=i)2-l^l'=^2~l"l('=i+'=^), 2 < i,j < 3, 

Indeed, assuming (I8.50p . we deduce that, whenever |xi| ^ A, |(x2,X3)| ^ i?, ^ C and |(?/2,2/3)| 
there holds that 

APB^'^C'^D^'\K{x,y)\ < 



68 



YAN GUO, ALEXANDRU D. lONESCU, AND BENOIT PAUSADER 



for p, q,r,s E {0, 2} and therefore, 

\\K\\li{r3xR3) < X! / \Kix,y)\dxdy 

A,B,C,r> l(^2,a:3)|'^B, \yi\~C, | (^2 ,J/3) I ~-D 

< 2-(fe+fei+'c2) ^^2'=] [B2'=+'=i] [02'^']'"' [02'^'+'''] '^'"'^ 

A,B,C,D 

where the summation is over A, B, C, D dyadic numbers. Since the sum converges, this gives (|8.49p . 
It remains to prove (|8.50p . We start with i). Using (|8.16p . it suffices to obtain that 

l^li ^li^m^^, (^''') I - 2'=+'=i+'=^2-l''l'=2~l'"l('=+'=i)2-l^l'=^2-l^l('=i+'==\ 2 < ij < 3, (8.51) 
Assume first that min(p +|tT|,T + |u|)>I, then 

If \a\ + |w| > 2 we obtain the claim directly since 9|Ai(|C- < 2^^^^^^^''^ If p + r = 1 = |ct| + \v\, then 

\d,AM^ - ,)i < iAf - +m~ I ^ 1 

and the bound follows. If p + r > 2, we compute that 

%[A»(g-r/)] ^ A,(|g-r?|) _ + _ 1^ _ ■ ^-662+^, = 77161 + r;^. 

This can be bounded by 2*^^ and since any further derivative amounts to multiply by another factor of 
2"*^! , we obtain the claim in this case as well. 

We now claim that, on the support of XeiXc^'*^j 

< 2''+''i+''^2"''''2"l'"l(''+''i). (8.52) 
Note that, on the support of Xc^ '^i there holds that < min(|^|, |^ — 77I). Applying the simple formula 

pi|.---,|pfc|>i 

piH \-pk=P 

for appropriate constants Cpj^^....p^, which follows by induction, with functions /(r) — Xi{r) and g{£^) = |^|, 
we see that (|8.52p will follow from the following bounds: 

|A!"^(iei) - A^^^de - < M^'"' ■ ICI"" < 2^-2(2-")^-, 1 < p < 6 
\d^,dl\^\ - d^^dll^ ~ T]\\ < |77|2(2-l-l)'=i . < 2^-22(2-P-2kl)fci^ 0< p< 2,0 < |a| < 4, > 1 

|A!''^'^(iei)i + lA^i-^i^d^ - 771)1 + \d^m + i9f le -v\\< ler-i^i < 2(i-i-i)'=\ i < i^i < e. 

The first line follows directly from the Taylor expansion of A^. The second and third lines are straight- 
forward unless \a\ < 1. When cr = 0, 1 < p < 2 or cr = 1, p = 0, the bound 

K - 1^ - I ^ i^i2''^ • 1^1""' - 1^ - I ^ i^i2'^ ■ icr' 

follows from the formula^ 

The other cases follow from similar computations. 



-'^-'^Hero for a choice of 1 < i < 3, we write ^ = + £,±, ei ■ £,a 
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We now claim that 

\dP^d^^^'''+-'+i(,r])\ < 2'=+'=i+*^22-'''=^2-l'"l('=i+'''^). (8.53) 
Again, if \a\ > 2, this follows from the bound 

\d^M^-v)\ + \df,Uv)\<\v\'-^'^- 
If (7 = 0, we may simply compute that 

while the other bounds follow solely from the estimate 

l^l'Hli - + |A^^)(hl)l + \drn\v\\ + |a,J^ - V\\ < 22'=M,7|(l-'')'=^ p > 2. 

If (7 = 1, then 

|%.$*^^+^'+(C,^)|<|S'+-'^+(e,r/)|<2'= 
and if p > 1, the claim follows from the bounds above and 

|5|,%HI + |a|^%l^-?y|| <2^-M?]r'"=% P>i. 

We now prove (|8.50p ii). Since we can easily see that 

for some appropriate coefficients ce-^^....e^. Therefore, we see that it suffices to show that 

\dP^dld:^^di;B^'^''{£„T])\ < 2'=2-l''l'=2-l'"l('=+'^'i)2-l^l'=^2-l'^l('=i+'=^) 
but this follows from (|8.5ip . 

In case ^^'•f^-'^ = <j)';»+,'-^ -^^g decompose 

= x'c,u~''\i^v) + x'c,i!;~'^{^,v)- 

For Xc'[l;*~'^(^j changing variable (^,77) — >■ (C,??), where C ~ ^ ~ ^7 ^^id 77 = — if fc2 < and rj ~ £^ 
if fc < fc2, the previous analysis for applies. For Xc^il;*~'^(^i using that, on its support, 

|C-77|^|,7|>|C|and 

|9|^5|:9;^5;;^s*+'*-(f,?7)l < 2'=2-i^i'=2-i'"i('=+'=i)2-i^i*^^2-i'''('=i+'=^) 

we easily obtain (|8.50p . This ends the proof. □ 

Appendix A. General estimates and the functions Ai,Ae,Ab 

In this section we summarize the linear and the bilinear estimates we use in the paper. We also provide 
precise descriptions of the eigenvalues Ai,Ae,Ab defined in p.l2p . 

We note first that Calderon-Zygmund operators are compatible with the spaces constructed in Defi- 
nition STTJ More precisely: 

Lemma A.l. Assume q G 5^", see ((X^ . and Tyf • /). Then 

\\Tqf\\z < \\q\\s^"\\f\\z, for any f E Z. 
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We omit the proof of this lemma, since it is identical to the proof of Lemma 5.1 in [29j. The following 
general oscillatory integral estimate is used repeatedly in the proofs. 



Lemma A. 2. Assume that < e < 1/e < K , N > 1 is an integer, and f,g e C™(M"). Then 



\P\<N 



provided that f is real-valued, 

|V,/| > l^uppg, and ||i?^/-l,uppg||Loo <^ei-l''l,2< |p|<iV. 



(A.1) 



(A.2) 



Proof of Lemma \A.SX We localize first to balls of size « e. Using the assumptions in (jA.2[) we may assume 
that inside each small ball, one of the directional derivatives of / is bounded away from 0, say 1- 
Then we integrate by parts N times in xi, and the desired bound (lA.ip follows. □ 

We will also use repeatedly the following simple bilinear estimate: 
Lemma A. 3. Assume p,q € [2,oo] satisfy l/p + 1/q ~ 1/2, and m e L°°(M'' x M.^). Then, for any 

f,geL^(M.^), 



(A.3) 



Proof of Lemma \A.3[ Let 

K{x,y) := {T~'^m){x,y) = 

Then, for any h E C^{M.^) we estimate 



d^drj. 



= c 



< 



f{x)g{y)h{z) ■ K{—x — z,x — y) dxdydz 
\f{x)g{x — v)h{—x — u)\- \K{u, v) \ dxdudv 



^ II-?^IIli(r3xr3) • ll/lkp||5lk'll^llL2, 

and the desired bound (jA.3p follows. 

Recall the functions A;, Ag, Ah defined in (|3.12l) . Let Ai, Ag, Ab : [0, oo) —J- [0, oo). 



□ 



(1 + e) + (T + ey - ^J{{l-e) + {T-eyf +ie 



such that Act(0 -^CTd^l), cr e {i,e,b}. We also define 



(1 + e) + (T + e)r2 + J {{1 ~ e) + {T - ey^Y + 4e 



(A.4) 



= lim A^(r), a = 1, Cg = V^/e, Cb = \J Cb/e. 
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Lemma A. 4. (i) The Junctions Xi,Xe,Xb are smooth on [0,oo) and satisfy 

A,(0)-0, A'/(0) = 0, A'/'(0) «c,.e -1, X',{r)^c„elforanyre[0,cx,), 



A,(0) = Ve-^ + l, Al(0)-0, A';(r)«c„e (l + r')"'/' /or an?/ rG [0,oo), (A.5) 
Af,(0) = Vs-' + l, KiO) = 0, X'^ir) ^c„e (1 + r')"'''' for any r G [0, oo). 
In addition, there is a constant r^ £ (^y-i/2^ 4^-1/2 ^ 4^-1/4) ^^^1^ ^1^^^^ 

Ar(^*) = 0, |A^'(r)|«c..smin(r,r-3) zf \r - > 2^^ , lA^'MI «c..s 1 k - | < 2-^/^. 

(A.6) 

Moreover, 

r < A,(r) < V(r+l)(e+l)r, r > 0, 

max(A^(0), c^r) < A^ (r) < A^(0) +c^r, cr € {e, &}, r > 0. 

('iij Letting h^{r) := e~^l'^\J\ + Tr^, we /lawe 

|i?^;(Ae-/ie)(r-)| < V^|i?^/i.(r)|, 0<p<2. (A.8) 



(Hi) We have Xi{r) — rqi(r) for some 1 < qi{r) < + T)/(l + e), (/^(r) —5-1 as r ^ +00 suc/i t/iat 

1 T^r 
2[l + T + Tr^Y 
Moreover 

\X'-{r)\ < 8V2T and X'l{r) < lOr^^ for r > AT'^/^ + AT'^/^. (A.IO) 



Proof of Lemma \A.4\ (i) Recall the assumptions (jl.9l) , which are used implicitly many times in this 
lemma. The claims in (jA.Sp and (|A.7p are straightforward consequences of the definitions. To prove 
(|A.6p . we use first the formula 

ViAe(r)A,(r) = r [l + T + Tr^] 
to see that one can extend Xi(r) into a smooth odd function of r. Starting from the relation 

1 r 



1 + e + (T + ey - \/u^ + 4£ , m = 1 - e + (T - £)r^ (A.ll) 
and deriving up to three times, wc find that 



2A,(r)A'(r) = —^r -ru(u^ + AeY^I'^, 

e e 

2(A:(r))2 + 2A,(r)Ar(r) = ^ - ^-(-' + ^e)-^'^ 8{T - efr^u' + 4e)-3/^ (a.12) 



6AUr)A'/(r) + 2A,(r)Af ^ (r) = - ^^^^ [(1 + s)' - (T - e)\^] A(r 



4e]' 



In particular, A^ > 0. Since Ai is odd, its even derivatives vanish at 0. Dividing by r and letting r — >■ 
in the first and third lines gives 

{Xmr = (1 + T)/{1 + e), 8X'Mxf\Q) = -24(r - ef{l + e)-\ 



Since A-(0) > 0, we see that A" < on some interval (0, 6). Let Ra — + s)/{T — e) be the positive 
root of A{r). We claim that A" < on {{),Ra)- Lrdeed, we see from (jA.12l) that, on this interval, so 
long as X'l{r) > A(r)/(12AJ(r)), xf^ < and A^' is decreasing. Hence A^'(i?A) < 0. If A^'(i?A) = 0, using 
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(jA.12|) . we see that xf\RA) = and Ra is a single root for Ap"* and a double root for A". Dividing by 
r — Ra and letting r — > Ra, we therefore find that 

2X,{RA)Xf\RA) = lim > 0. 

r^B.A r — Ha 

But then A"(r) > for some r < Ra, a contradiction. 

It is clear that the argument above can be made quantitative, and prove that 

for any ^ > there is 6' = 6'{S, T, e) > such that A'/(r) < -5' for any r e [S, Ra]- 

This suffices to prove the desired claim (jA.6p for r £ [0, Ra]- 

We now claim that A" vanishes exactly once on {Ra, +oo). Indeed, using again (jA.12p . we see that if 
A^'(r,) = 0, then 

Af)(rO=^(n)/(2A,(n)) >0. 

Let r** be the next zero of A". Since A" > on (r^,, r**), we have that xf^\r^^) < 0. Plugging r = r** in 
the third line of (|A.12p gives a contradiction. Finally, we remark that there exists such since we will 
show below that A" > for r large enough. 
Indeed, using the second equation in (|A.12I) . 

X,{r)XUr) = 1 - (A^r))" + ^^[1 - u{u' + ie)-^^^] - 4{T - e)\Hu' + 4.6)-^^^ (A.13) 

ze 

Therefore, using (lA.lip and (jA.12p and letting w (1 - u(u'^ + Aey^^'^)/ {2e), 

(A.(r))3Ar(r) = (A.(r))2 - (A,(r))2(AUr))2 + (A,(r))2(r - e)^; - 4(A,(r))^(T - + 4e)-3/2 

= + 1 - v{u^ + 4e)i/2 _ ^2(-j^ + (T - e)^)^ 

+ (A,(r))2(T - e)v ~ 4(A,(r))2(r - e)2r2(«2 + 4s)-'/^, 

Notice that i; < u^^ < (j^ _ ey^r-^, [u^ + 4e)i/2 < (T - e^"^ + 1 + e, and {X^{r)f e [r'^,r'^ + 1]. 
Therefore, if (T - £)r2 > 10(1 + VT) then 

(A,(r))3Ar(r)G [1/10,1], (A.14) 

and the desired conclusion (jA.6p follows, 
(ii) We calculate 

Starting from the formula 

1 



Kir) = 



e 



1 + + 



2 , vz? + 4e — u 



2 



where, as before, u = l — e+{T — e)r^. Therefore Ae(r) > /ie(r) and 



The desired bound (jA.Sp follows for p = 0. 
Using the formulas above, we also calculate 



2A.MAUr) = ^ (r-s).Vmi 



e e + 4£ 

Therefore Ag(r) < and, using also (jA.lSp . 

, , _ 2/.,(r)/.^(r) - 2Ae(r)Ai(r) + 2/.^(r)(Ae(r) - fe,(r)) ^ 2rr 

''^^'^^ ^'^^'^^ " 2a:w ^ ^ ^ 
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The desired bound (jA.SP follows for p = 1. 
Finally, we calculate 

2Ae r A ' r + 2 r ^ = — + where E := r^= ^ + < 2^a A3/2 

Therefore, using also (jA.15[) and (jA.16|) . 

|£:| + 2|Ae(r)-;^e(r)|fe-'(r)+2|(/.^(r))^-(A-(r))^| ^ 20(r+l) 

The desired bound (|A.8p follows for p = 2. 
(iii) Starting from the formula 



we calculate 



+ T + Tr^ 



T + 4£ - 



2 , 4p^-l/2^ 



-1/2 



and, with i; = (1 — + 4e) ^")/(2e) as before. 



T + 4e - w 1 -3/2 rr2^ _ Trevy/v? + 4e - (1 + T + Tr2)(T - e)rev 



'''^''^ r l + r + rr2 ' 2(l + T + Tr2)J L {1 + T + Tr^y 

This suffices to prove (|A.9p . 

The second bound in (jA.lOp follows from (jA.14p . To prove the first bound in (jA.lOp . we notice that it 
follows from part (i) that there are two values r^i^ e (0, r^) and r,nax G (t*, oo) such that 

A'/(r) e [A'/(rmin), A"(rmax)] for any r £ [0, oo). 



Using the identity in the second Hue of (|A.12I) it follows that Ai(r)A"(r) < 1 for any r > y/{l + e)/{T - e). 
Since r^ax ^'r*> -^^(1 + e)/(T — e), it follows that 

A^w) < 1/A.(w) < l/n„ax < %/T. (A.18) 



To estimate |A"(rmin)| we use (|A.13|) and the observation |A^(r)| < qi{r) < ^(1 + + e) to write 

A.(r)A^'(r) > 1 - + ^— ^[1 - uiu^ + ie)-^/^] - 4{T - e)^r\u^ + 4e)-3/2 

1 + e 2e 



T-e 

> 



1 + e 
> -8(T-e)3/2 



1 + ii^(l - uiu^ + 4e)-i/2)j - 4(r - ef/\ 
2e J 



Moreover, since Ap''(rinin) = and A"(rinin) < 0, it follows from the identity in the last line of (jA.12p 
that rmin < Ra = ^(1 + e)/(r — e). Therefore, using also the fact that qi is decreasing on [0, oo), see 
(jA.9| . and the identity (|A.17p . it follows that 

-A, [r^in] < 7-7 r < 7^-^ < 8V2(r - e). 

Xi[rmin) qi[RA) 

The desired estimate in (|A.10p follows using also (jA.18p . □ 
Lemma A. 5. Assume \\f\\z < 1, t E M., {k,j) e J', and let k = min(/c,0) and 

fk,j ■= P[k~2,k+2][^f^ ■ Pkf]- 

(i) Then 

ll/fejIU^ < (2"'^' + 2io'^)-i • 22/3^2-^1-'^)^' (A.19) 
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and 

sup iDPfkjiOl ^\p\ (2"'= + 2io'=)-i •2-(i/2-^i)fc2lp|j. (A.20) 

Moreover, if k < and a G {e, 6} then 

< 2(3/2-a)fc2-(i+/Jb(i^2--'>|2'=)-3/2+io0_ (A.21) 

If k > and cr e {e, &} then 

II 6'*"^"/^ J I Loo < 2-6'^'2-(i+'^)J(l + 2-^'|t|)-3/2+io/3_ (A.22) 
W^ii/i r» defined as in (|A.6p . Zet fc, := log2 r*. If k < k^ S and a — i then 

||pitA<T f 11 

||e /fcjll^oo , 
If k £ [fc, — 3, fc, + 3] and cr = i then 

If k > k^ + 3 and a = i then 

(a) As a consequence 



e-"'^' /fcjILoo < 2(3/2-a)fc2-(i+/3b(i + 2-^'|i|22'=/3)-3/2+io^. (A.23) 



e^'^'h.jW^^ < 2-(i+'^)j'(l + 2-^>|)-^/^+'°''. (A.24) 



e^'^'-AjlLoo < 2-^'-2-(i+^'^(l + 2-^|tr3/2+io^^ (A.25) 



E II/mIIl^ ^^lin(2(l+'^-")^2-lO'=) (A.26) 

j>max( — /c,0) 

antF^. for any a G {i, e, 6}, 

51 ||e**^'/fc,,|L3o <min(2(i/2-/3-")fc^2-6'=)(l + |t|)-i-'^. (A.27) 

j>max( — fc,0) 

Proof of Lemma [A.5l We start by decomposing, as in (|4.6p - ()4.8p . 

Ipf . P,f = (2-^ + 2i"'=)-i(5i,, + 52,,), 91.J = 91., ■ ^2.,+2\ > 92., = 52,, • ^[Jl2,,+2] , (A.28) 
such that 

2''+^^^I|5i,,IIl^ + 2(i/2-«fe||^|j^^ < 1, (A.29) 

and 

2(i-'5)^"||52,,||l^ + II^IIl- + 2-'^- sup i?-'||5J^llL.(B(e„.fl)) < 2-i°l'=l. (A.30) 

/?e[2-j,2''],eoeR^ 

The bound (IA.19P fohows easily. 

To prove (jA.20[) we use the formulas in (|A.28|) to write, for /i = 1, 2, 

ftlj(C) = ^_^3 5^('7)-^('?[,''l2,j+2])(? - '?) 

Therefore 

x(fc) 



= c y^^ 5;::}(r7)-F(x'' • ^[;^2,,+2])(e - ^) (a-3i) 

The desired bounds ((X20)) follow using the bounds ||.g;r5||L~ < 2-(i/2-'3)^, see ((X29)) - (|X30|) . 
We consider now the L°° bounds (IX2T|) - (|X25l) . Using (|X^ - (rO0l) . we have 

\\h:,\\LHBi^„.B)) < (2"'^ + 2i°'=)-imin(i?32-(V2-«fc,i?3/22-(i+/Jb-)^ 
for any S and i? < 2'°. Therefore, for any fc e Z and a G {i, e, 6}, 

h'^^' fk^iW^^ < (2"'= + 2^°*^)"^ . 23fe/22-(i+/3b\ (A.32) 



12 



In many places we will be able to use the simpler bound IIA.2711 . instead of the more precise bounds ||A.21I1 -| |A.25|| . 
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Step 1. We consider first the simplest case 

ae{e,b}, k<0, |t| > 2^"'=+^, 

and prove that, for any a: e K.-^, 



< 2 



(3/2-a)fc2-(l+/3)ip3/2-10/3 



Pi :=2^-1t 



(A.33) 



(A.34) 



The bound (|A.2ip would clearly follow from (|A.32p and (|A.34p . Using the decomposition (|A.28p . it 
sufhces to prove that, for ^ £ {Ij 2}, 

< 23fc/22-(l+«J^3/2-10/3^ 



Recall that the kernel of the operator on defined by the radial multiplier f — > pd'f |) is 



K{x) — c p{s) 



S X 



ds. 



We show that 



In view of (|A.36p it suffices to prove that 



■ ds 



(A.35) 

(A.36) 
(A.37) 

(A.38) 



for any r G (0,oo). Recall the assumption (|A.33|) . it particular \t\ > 2^^"^^. Since \'„{s) « min(s, 1) (see 
(jA.SI) ). the bound (jA.38|) follows by integration by parts unless r k, \t\2^ . On the other hand, if r « \t\2^ 
then the bound (|A.38I) follows by stationary phase, using \'^{s) ?a (1 + 5^)^3/2^ ggg (jA.5[) . 
In view of (|A.37[) and the assumptions (jA.28l) - (jA.30p . it follows that 



and 



|ff2,, *i^L|U ^ ll.92,,||Li||i^LIU- < 23^/22-(l~«J22^^|tr3/2 < 23fc/22-(l+^bp3/222^0 + fc) ^ 



The bounds (|X35l) follow if /x = 1 or if /x = 2 and 2^+'' < pj^^ On the other hand, if = 2 and 
23+'' > ^^Q^^ using the bounds on in (IA.30p . 



\\92,3*Klt\\^^ < 11^2 J 11^1 

which suffices to prove (jA.35[) in this case as well. 
Step 2. We consider now the case 

ae{e,b}, k>0, |i| > 2^+'=+-°, 

and prove that, for any x € M^, 

e"-«e**^-(«)/^(OrfC < 2-6^-2-(i+«V^/'-i°^ := V\t\- 



< 23fc/22-(l+<9)i2-(7-)9-l)0+fc) < 23fc/22-(l+/3bp5(7-/^-l) 



(A.39) 



(A.40) 



The bound (|A.22p would clearly follow from (|A.32I) and (jA.40p . Using the decomposition (|A.28p . it 
suffices to prove that, for fi £ {1,2}, 



|<7M..*^MlL=.<2^^■2-(™pr"'°^ 



(A.41) 



where ^ is defined as in ()A.35[) . 
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As before, we show that 



In view of (jA.36p it suffices to prove that 



■5 ^[k~2,k+2]i^) 



ds 



(A.42) 



(A.43) 



for any r £ (0, oo). Recall the assumption (|A.39I) . in particular \t\ > 2^^^. Since A^(s) « min(s, 1) (see 
(jA.Sp ). the bound (|A.43p follows by integration by parts unless r \t\. On the other hand, if r w |t| then 
the bound (|A.43|) follows by stationary phase, using A"(s) « (1 + s^)~^/^, see (IA.5I) . 
In view of (|A.42|) and the assumptions (|A.28I) - (|A.30|) . it follows that 

*^fc,t|Loo < ||.9i,,||Li||i^,",jL== < 23^/22-(i+^)^23'^-|tr3/2 < 23'=2-(l+^)V^/^ 

and 

h2.o*KA\\^^ < \\92Al4KI,\\l^ < 23^/22-(i-W23^|ir'/' < 23'=2-(i+«V2^'22«. 

The bounds (IA.41I) follow if ^ = 1 or if ^ = 2 and 2^ < p^^. On the other hand, if /i = 2 and 2^ > p^^ 
then, using the bounds on g2~j in (IA.30[) . 

which suffices to prove (|A.4ip in this case as well. 
An identical argument shows that 

if k>K+3, \t\>2^+''+^, 

then, for any a; G M"^, 



e'-<e''^'^^^fZj{Od^ < 2-6'=2-(i+^)-'"(2V|i|)^/'~'°'^. 

The bound ((X25| clearly follows from (|X32)) and (|X45)) . 
Step 3. We consider now the case 

k<K-3, |t| > 2^-2''^/3+^, 

and prove that, for any x e K.-^, 



(A.44) 
(A.45) 



(A.46) 



(A.47) 



The bound (|A.23p would clearly follow from (|A.32I) and (jA.47|) . Using the decomposition (|A.28|) . it 
suffices to prove that, for S {Ij 2}, 



As before, we show that 



\\Kl,U^<2'^/^\t\-'/\ 



In view of (|A.36[) it suffices to prove that 



2 1 / N itAi(s)' 



<2fc/2|^|-3/2^ 



(A.48) 



(A.49) 



(A.50) 



for any r € (0, oo). Recall the assumption (|A.33p . it particular \t\ > 2^~5fe/3_ si^ce A-(s) « 1 (see (|A.5j) ). 
the bound (|A.50P follows by integration by parts unless r sa \t\. On the other hand, if r \t\ then the 
bound (|A.50P follows by stationary phase, using X'^{s) w s, see ()A.6p . 
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As before, we can now prove ()A.48|) . Using (|A.37P and (|A.28p - (|A.30|) . it follows that 

\\9i.j*Klt\\L^ < Wg.jL^Klth- < 23^/22-(™2'=/2|i|-3/2 < 2^''/'2-(^+P^^ pl^', 

and 

\\92,J*Klt\\L^ ^ \\92Jl4KIJ\l^ < 23jV22-(l-/3b22/5'=2'=/2|t|-3/2 < 23fe/22-(l+/5bp3/222/jO+fc) ^ 

The bounds (IA.48P follow if = 1 or if ^ = 2 and 2^+^ < p^^. On the other hand, if /x = 2 and 
2^+*= > p3 5 then, using the bounds on g2j in (jA.30l) . 

\\92,j*Klt\\L^ < <23'=/22-(™2-(7-/^-i)0+fe) <23'=/22-(™p5(7-^-i)^ 

which suffices to prove (|A.48P in this case as well. 
Step 4. Finally, we consider the case 

ke[K-3,K + 3], \t\>2^+^'^, (A.51) 

and prove that, for any x G M^, 

s"-«e**^'(«)/^(Orfe < 2-(i+«V^/^^i°^ p2 = 2^\t\-\ (A.52) 



The bound (IA.24P would clearly follow from (|A.32p and (|A.52p . 

Using the decomposition (jA.28P " (jA.30p . it suffices to prove that, for /i e {1, 2} and x G MP, 

I e-«e^*^'(«)v:>[,_2..+2](e)[i - m\ - < 2-(i+^)vf -^^^ (A.53) 

and 

/ e-«e^*^'(«)^[(|^|-r,)/pf]g-(Ode < 2-(i+'^)Vr^-^"^. (A.54) 

Letting 

(x) / e^^-€e"^'(«)^[fc_2.fe+2] (0 [l - ^[(1^1 - 
and arguing as in the proof of (jA.49p . it is easy to see that 

\\Kk,fAL- < \t\-'^'S-'/' (A.55) 

provided that S G [|i|~^/2, 2~^]. As before, this suffices to prove the bounds (IA.53p . 

To prove (|A.54p . we may assume, without loss of generality, that x/t = (— zi, 0, 0) for some zi £ [0, oo). 
The formula (|A.3ip . together with the bounds in (|A.29P and (|A.30P show that 

2(™P^^5r^(0||L2 + \\DlgrM)\\L- < 2l''l^ 

2(i-«^P|gI}(e)|U. + \\Dlg^,{mL^+2''^ sup i?-^||i^fff^}(OllLMB(«o.fi)) < 2^'^' ■ ^^'^^^ 

fle[2-3,i],CoeK=' 

With £_ ^ (6,6,6) = (6,6) and Z G Zn (-oo,i:>/10] we define 

/^^, :^ / ^(|6l/2')e**(^'(«)-^^«^V[(l6-n)/P2^te(e)rf6 ir-=I'^i-I'ii-v 
We ax Iq E Z such that 

We use fOel) with |p| = to estimate, if 2^ > 

J < 2'V^/1l5^IU^ < 2-(l+«^2^^/^ 

1/2 

|/2^J < El- . 22'o2-7. < 2-(i+'3)J2'V2/'. 
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On the other hand, if 2^ < \t\^/'^ then 
Therefore, in both cases, 

|/^/ol + l4ol^2-(™p^/^ (A.57) 
To estimate for / > /q + 1 we integrate by parts in using Lemma lA.21 with K « \t\2^ and 
« 2^ + 2-' + 2^2"^^^- Arguing as before, we estimate, if 2^ = max(2-'', 2"', 2^2 ^^^), 

\ll\ < 2'^/{\tf2^') ■ 2V2^'2-(i+«^' < p^/*2-(™ • P22-', 

< 2^^/i\tf2^') ■ 2\2' + p\'^)2-''^ < 2-^V2 + P2^'2-(i+^)^' • p22-'. 
On the other hand, if 2"' = max(2-', 2"', 2^2^^^^) then 

\ll\ + \lf\<2-''/{\t\'2^')-2^^pT<2-^'\t\-'py\ 
Finally, if 2^^^^^ = max(2^ 2"', 2^2^^^^) then 

+ \if\ < {2''p^')/{\tm ■ 2 V < 2^'irV2~'/'- 

Therefore 

E l^.'l + l^fl<2-(™pf- (A.58) 
The desired bound (|A.54I) follows from (IA.57P and (jA.58l) . □ 



Our last lemma in this section is a bilinear estimate. Recall the operators Qf'^^''' defined in ()5.4p . 



Lemma A. 6. Assume s G M, ct G {i, e, b}, /i, G Iq; o.iT-d 

ll/IUnff"o < 1, ||ff||znff«o < 1. (A.59) 

Then, for any k' G Z, 

ll^fc'Qr^'"(/,5)llL^ < '2"' min[(l + s)-i-^23^-'/2] . min[l, 2-(^o-5)fc']^ (^.60) 

Moreover 

if 2''' e [2-^,2^] and a e{e,b} or 2'^'' G (0, 2^] and cr = «, (A.61) 

then 

\\TPk'QT'''''if,g)\\L^ < (l + s)-i+^/i"2-'='. (A.62) 
Proof of Lemma \A.6[ Clearly, the left-hand side of (jA.60p is dominated by 

Using (|A.26p - (|A.27|) and the assumption (|A.59p . 

||Pfe"/||L^ + ||Pfc"g||L^<min(2(i+'^-")'=",2-^°'="), 

||e-*^^-Ffc"/|U=. + ||e-*^^'^P,.,g|U=. <min(2(i/2-/J-)fc'\2-6*")(l + s)-i-^ 



(A.63) 



(A.64) 



THE EULER-MAXWELL TWO-FLUID SYSTEM IN 3D 



79 



for any k" G Z. Using (|A.64p and the description of the symbols ma;ij.,v in Lemma [331 the expression in 
(jA.63|) is dominated by 

kiMei,, fei<fe2, fc'<fe2+4 

< 2'"'" (1 + s)-^-l^ min(l, 2-(^«-5)fc')_ 
Moreover, if k' < 0, we use again (jA.64p and Lemma [3.31 to estimate the expression in (jA.63P by 

< 23'='/22fe; j^^ij^(2(i+'3-")'=i,2-(^"-2)'=0 • min(2(i+'3-")'=^2-(^«-2)'=^) 

The desired bound (|A.60p follows. 

To prove (|A.62p we use first Lemma 13.31 and Lemma lA.ll and decompose the functions /, g in suitable 
atoms. It suffices to prove that if 

l|/ii||znff"o + ||/i2||zni/"o < 1, (A.65) 

and we decompose 
then 

(fcl Jl),(fc2,i2)Gj 



(A.66) 



for any ^ e M^, /x, e Iq, s € R, and fc', cr as in (|A.61I) . 
We use first only the bounds 



fcijJlL^ <min(2-^°'=\2(2/'"")'=i2-(i~^)^0, I|/^fc2j2lli^ < min(2-^«'=^ 2(2f-")'=^2-(i-'^)^'^), (A.67) 

see (|X65|) and (|XT9l) . The full bound ^^KM^ follows easily if si-Z^/i" < 2'°'2-2fc'. Assuming fii-Z^/io > 
2-D 2-2fc estimate easily 



E 



((fel,il),(fc2j2))GJl 



where 



Ji := {((fci, ji), (fc2, j2)) ejy.j: 2™^'^('=^i''=^2) > s2/^« or 2''"'<^^^^^'^ > s^+'^'^2'''}. 



Let 



J2 {((fci, ji), (fc2, J2)) ejxj: T'^'^^ik.M) < g2/A'o and 2'"^'^(^'i'^'^) < s^+^^^2'''}, 
and notice that J2 has at most C(lns)* elements. Therefore, for (jA.66P it suffices to prove that 



(A.68) 



provided that C € K^ M,!' e^o, fc' e Z n (-cx3, D], s^-'^/i'' > 2^'2-2fc\ and ((fci, ji), (fc2, J2)) e J2- 
Assume first that 

2max0-ij2) > 2-^%^-'^/^^2^' . (A.69) 
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Without loss of generality, in proving (|A.68P we may assume that ji < j2- Then, using ()4.6p . (|4.9|) and 
the assumption (jA.65|) . we have 

II^C^IIli < 2-(i+'^)^'^23'=2/2(2"'^'2 + 2^"''^)~\ (A.70) 
Using (|X20l) . \\hl^ jJU^ ^ 2"'=i/2. Using also (|X67)) we estimate the left-hand side of (1X68]) by 

The desired bound (|A.68P follows if we assume (jA.69P . 
Assume now that 

22min(fei,fe2) < 2-°^2"^'''s~-^+'^/-^-^ (A 71) 

Without loss of generality, in proving (|A.68p we may assume that k2 < ki. Then, using (|A.70[) we 
estimate the left-hand side of (IA.68P by 

as desired 

Finally it remains to prove (jA.68l) assuming that 

2ma,x{ji,j2) ^ 2^^^ s^^^^^^2'^' and 22™'"('=i''=2) > 2-°^2^^'^'s^"'"+'^/"'""'" (A 72) 

In this case we would like to integrate by parts in 77 to estimate the integral in (jA.68|) . Using the bounds 
(TOl) and (1X201) . 

[1 - ^<o(5-iS''--(C, ry))]e— [^-«-'')+^^('')l/4^(e - v)hljM dv < -s"' (A.73) 
as long as 

S e (0, 1], s6> s/3'2'"^^(Ji'J'2), sS > s/3'5-i2-™('=i''=2,o)_ 

Therefore, letting 

D{i,S) :-{77eR3 . ^ [2'=.-4^ 2^=^+4], \( - r^\ € [2''^-\2'^^+^], lEf^--- rj)\ < 26}, (A.75) 
for (jA.68[) it remains to prove that, for some S satisfying (jA.74p . 

^,,(0 [ lDiuMt^A^-v)\\hljMdv <2-^^\s-i+^/", (A.76) 



provided that ^ eR^, fJ.,i^ e Iq, fc' G Z n {-00, D], and ((fci, ji), {k2,j2)) e J2 satisfies (|A.72I) . Without 
loss of generality, we may assume that k2 < ki. 

We examine now the sets D{£^,6) defined in (jA.75|) . Assume that fi — (criti), ly = (0-2^2), <^i,cr2 G 
{i, e, &}, ti, t2 G — }. Notice that 

m = -^iH — — VI - u - i2^n — ^ = ^ - u + -B^: 



where 



, KA\^~i\) „ KM) 



In view of Lemma [Ol (i), we have min(|^|,|i3|) >c6,e 2" '"''''(''i''^). Letting ^ = se, e G S^, s e 
[2*^ 2^^ +^], and r/ = re + r;', r e M, r/ • e 0, and assuming 77 e -D(^, S), it follows that 

|(yl + B)r/| < 2(5, \{A + B)r ~ As\ < 2S. 
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We let S := max(s'''-i2'"^='(Ji'J2), s('^'-i)/22-mi„(fc2,o)/2)^ g^^j^ ^j^^^^ (|AJ4l) is satisfied. In view of (|AJ2|, 
it follows that \{A + B)r\ >c,,e 2-""'''^''^'°h^' , therefore \A + B\ >c,,e 2-'^'"'(^^^^^2^' 2'^^ This shows 
that \i\ < 2max(fei,o)2-fc'2'=2^. In other words, we proved that if ^ = se, e e §^ s e [2*^'-^ 2'='+^], then 

Di^, ^) C {77 = re + ry' e r3 : \r\ + \t]'\^ < 2'=^+^ rj' ■ e = 0, \rj'\ < 2'°^''('=i^o)2-'=^'2'^^J}. (A.77) 

Using (|X77l) and the bounds II^I^IIl- < 2-''^/'^, < 2-^''/'^, we can bound the 
left-hand side of (|X76]) by 

This suffices to prove (U?76t if 2'"^'^(Ji J2)2min(fc2,o) < ^1/2 q^^ ^-j^^ ^^j^^^ ^^^^^^ ^-^ < ^-^ ^^^^ 2J=^2"""('=2'0) > 
s^/^ then we estimate the left-hand side of (IA.76P by 

C2-'''/^\\lDii,s)iv) ■ H^Mhl, ^ 2-'^'i/2 . 2fe2/22max(fci.o)2-fc'2fc2^ . 2-32 < 2-'^-'s-i+'3/", 

which also suffices to prove (|A.76|) . Finally, if > j2 and 2-'i2"""('=2'°) > s^/^ then we estimate the 
left-hand side of (TOel) by 

C2-'"'/^\\lDi^^s){v) ■ K^.iC - v)\\Li, < 2"*^^/^ • 2'=^/22'"^'^('^-i'")2-''^'2'^^(5 • 2'^' < 2-^"' s-^+'^/^\ 
which also suffices to prove (|A.76[) . This completes the proof of the lemma. □ 

Appendix B. Classification of resonances 

We define the order i < e < b. Recall that we introduced a large number D ^ (e~^ -I- Cb)^°, depending 
only on e and Cb- For cr e {i,e,b} and /i, € Iqi see definition p. 211) . 

H={(7iLi), V^{(72L2), CTi,Cr2 e {i,e,6}, tl,t2 £{ + ,-}, (B.l) 

recah the definitions of the smooth functions A^ : ^ (0,oo), : x ^ M and S^'"" : 

S^'''(e,^) = (V,$^^^''^)(C,^) = -.iVA,,(,y-e)-.2VA.,(7y). ^ 

In this subsection we prove several lemmas describing the structure of almost resonant sets, which are 
the sets where both |<f '''''^(Cj 7?)| and |S'^'''(^, 77)! are small. Recall the sets 

^MM^5,M = e K3 X R3 : \i\ e [2^-^2'=+4], \( - e [2^-^ 2'=^+^], |r;| G [2^--4^ 2'=^+^], 

|S^^''(e,r7)|<^i, |$-^^^''(e,r/)|<52}. 

defined for cr G {i, e, 6}, fJ-ji' (z Tq, fc, fci, fc2 G Z, Si, 62 G (0, cxi). We define also 

J^kMM {(^^V) e R3 X R3 : |e| G [2^-^2'=+4], \^ ~ v\ ^ [2^^-^ 2'=^+^], g [2'=^-^ 2'=^+4]}. 

Given a phase <I>'^;*'''^ and a set of phases T, we denote gg T if either ^'^■^^'^ G T or g T, 

and T if neither possibfiity holds. 

We show first that some phases do not contribute in the analysis of resonant interactions. We define 
the 39 strongly elliptic phases, 

71j II ■= |(J)*'*+!'^+ (j,i;i+,f)+ (jji;i+,b— ^i,i—,e~ ^i;i — ,b— ^i,e+,e+ ^i;e+,b+ ^i.e— ,e- ^i;e—,b- 

q)i\b+,b+ ,6- ^e;i+,i- ^eA+.e— ^e\i+,b- ^eA—,i- ^e;i-,e— ^e;i-,b— ^e;e+,e+ (jje;e+,e— 

(j)e;e+,b+ (jje;e-|-,6— ^e;e—,e— ^e;e—,b'- (j,e;b+,b+ (j,e:b— ,6— (j)f);i+,i- ^b;i+,e— (jjb:i+,b— (jjb:i— ,i — 

^b;i — ,e— ^b;i— ,6— ^b\e+ ,e— ^b;e+,b— ^b;e— ,e— ^b;e— ,6— (|)b;6+,6+ ^b;b+.b— ^b;b— ,b— 
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We also define 4 additional nonresonant phases 

Tnr = <j)fc;i-,e+| 

Lemma B.l. Assume that (j)'^-'^''" gg Tseii U Tnr- If 

5i < 2--D2-'''"^''('^i''=^'°), S2 < 2--f52-'"'''^('=i'''2'") then C^'^,,^.s^ 
Proof of Lemma W.ll We claim that if eg Tseii, then we have 



(B.4) 



This would clearly suffice to prove the claim for the strongly elliptic phases. 

If {11,12} = (~! the proof of (|B.4[) is a direct consequence of the fact that > Ae > 1. To deal 
with the remaining 22 phases in Tseii we observe that, as a consequence of Lemma I A. 4i we have, for any 
r € [0,00), 



r<K{r)<Xe{r)<Xt{r), 
In addition, for any ri,r2 € [0, 00), 



(B.5) 



Ai(ri) + Ai(r2)-A,(ri+r2) > 0, 

Ae(ri) + Ae(r2) - Ae(ri + >e,Ct (1 + niin(ri,r2))"\ 
Ah(ri) + Afc(r2) - Af,(ri + r2) >e,Ct (1 + niin(ri, rz))"^ 



(B.6) 



Indeed, the first bound in (jB.6p follows from the formula Ai(r) = rqi{r) in Lemma [A. 41 and the fact that 
Qi is decreasing. For the second bound in (jB.6p wc use the fact that the function r — >■ Xe{r) — he(r) is 
nonnegative and decreasing on [0, 00) (see (|A.15[) ). therefore 

Ae(ri) + Ae(r2) - Ae(ri + r2) > Kin) + h,{r2) - Kin + r2) >e,c, (1 + min(ri, r2))"^ 

The third bound follows directly from the definition. 

Using (jB.sp . (|B.6p . and the monotonicity of the functions A^, Ag, A;, on [0, 00), we can now prove lower 
bounds for the absolute values of the 22 phases in Tseii, which correspond to (ti, L2) = (+, +), 
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or (ii, i2) = (+ 
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The desired lower bound (IB. 41) follows for all phases g Tseiz- 

We now consider the phases T/v_r- Assume first cti = 0-2 = «■ Then, since >C(,,e 1, we see 

that smallness of {^,r])\ implies that {^ — i]) -t; > 0. But then |^| > max(|^ — 7;|, |?7|) and, using (|A.7|) . 

min[<i>^^^+''^+(^, r;), 77)] > Aed^l) - 2A,(|^|) > h,m 2V(T + !)(£ + 1)ICI >s,c. 1, 

and the desired conclusion 'C^'^^'^^.^^ = 0, G {e, b}, follows. 

Assume now that ^'^-'^''^ GS {k>'''-''+'''-}. If max(fci,fc2) < -I^/IO, then, using (TOI) . (^, 77) > 1. 

On the other hand, if max(fci, ^2) > — ^/lO, we see from smallness of |S^+'^"(^, r/)| that |^| < 2"^. But 
in this case, 

[K{\M V\) - M[V[)[ <e.C, |e|<Ae(0)/2, 

hence $'='''+■''-(^,77) > 1. 

Finally, assume that •J)'^'^-'' gg {<j)'';'-^e+j. gy symmetry we may assume that 

$-;^'^-(^, 77) = r,) = X,m + - V[) - Ae(|77|). 

The condition I S^'''(^,7y) I < 2'-° and Lemma[01fi) show that 2'''2 >c^^e 1- The condition |$'^'^'''(^, 77)] < 
2^^ then shows that I77I > |^|. Since 



Kir) < 



VT+T 



and 



Kir) > 



(1 - ^)Tr 



for any r G [0, 00), see Lemma rA.4l fii) and (iii), the restriction |^^'''(^, 7;)| < 2 ^ shows that |7;| < ^ ejT. 
Therefore |$| < ^JTJT and |C - 77] < 2^J7JT. Since > T'^/^^ ggg Lemma [Ol (i). it follows that 
1^ — 77! < r*/2. Therefore A^ is decreasing on the interval [0, |^ ~ 77I] and we estimate, recalling that 
2-^>|S^'^(^,77)|>|AKie-77|)-AL(|77|)|, 

k-r/l r\i\ 



K{s)ds+ K{s)ds- X%s)ds 



[s,-v[KM-v[)-i[v[-[0)Ki[v[) 



> 
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This provides the contradiction. □ 
We consider now the remaining 20 phases, and define three sets of phases 

7^ — .e+ ^i-i — ,b+ ^i;e+,b- ^i;e-,b+ ^e;i+,e+ ^e\i+,b+ ^e\i-,b+ ^e-.e—,b+ 

^b;i+.e+ (f,b;i+.b+ ^b-,e+,e+ ^b;e+,b+ ^b;e-,b+\ 

^ J' ^^j-s 

. = |<j)e;i+,e+^ <j,e:j-,e+ ,j)6;i+,6+ ,j)6;i-,b+|^ 
-y^ ^i\e+,e— ^i;e+,b- ^i-,e-,b+ (j)i;fc+,fc— | 

Notice that some phases, such as belong to more than one set. The set Ta corresponds to 

phases having nondegenerate stationary points on spheres, while the sets TbtTc consist of phases with 
degenerate behavior around (in rj, ^ ~ rj, or f). More precisely: 

Proposition B.2. Assume fc, fci, fc2 G Z and that there is a point (^,77) G Ck^kiM satisfying 

\'^^''^ {iiV)] < ^1 = 2^^^^2^^™^^^^'^^'^^\ \^'^'^''^ {£,,11)] < 62 = 2''^^^2~^'^'^^^^'^^'^^\ 
Then one 0/ the three following possibilities holds: 

Case A; -D/2 < fc,fci,fc2 < D/2 and GG Ta- 

Case B; min(fci, ^2) < -D/3, k > -D/4 and ^'^'^'^ GG Tb- 

Case C: k<-D/4 and ^'^'''■'^ eeTc- 

Proof of Proposition \B.2[ We divide the proof in several steps: 
Step 1. Assume that 

These phases are only in the set Tc, and we have to prove that if ^'k'k['^k2-Si S2 ^ ^ then 

k<-D/2. (B.9) 
Assume for contradiction that k > —D/2. Using Lemma [A. 41 (iii) it is easy to see that if cj)"";*'^" ££ 
then |$'"'^'''(^, ?7)| >e,c, max(|f|, I77I, |f - 77]) >e^c, 2-^/'^, which is not possible. On the other 
hand, using Lemma I A. 41 (iii) . for any r, s G [0,oo) 

^ / \ ^ / N ^ / X / / \ / XX / / N / NX ^ min(r, s) (r + s) ^ 

[1 + [r + s) j(l + min(r, sj^j 

Therefore if ^"'t^'" GG $';^+'^-}, fc > -D/2, and Clz/k^^^.s^M ^ ^^^^ min(fci,fc2) < -5L». 

On the other hand, if min(fci, ^2) < — 5Z) and max(fci, fc2) > —D/2 — 10, then we use the bound 

Kir) - \[{s) > 9.(0) - Cc,.,r - q^s) > 2^^^, 

whenever < r < 2^"^^ and s > 2^^ , which is a consequence of Lemma [A. 41 fiii) . Therefore, in this case 
, 77)1 > 2^^^ for aU , 77) G >Cfc,fci,fc2i which provides the contradiction. 

Step 2. Assume that 

^cr-tj.,u |(j)i;e+,e-^ (j,i;b+,6-| (B.IO) 

These phases are only in the set Tc, and it suffices to prove that if ^k'ki^k2-Si 82^^ then 

k<-D/2. (B.ll) 

Assume for contradiction that k > —D/2. Since A^(0) = 0, ct G {e,fe}, the restriction , 77)! < 5x 

shows that min(fci,A:2) > —D. On the other hand, if min(fc, /ci, A;2) > —D then, for any (^,77) G Ck,ki,k2 
we have 

77 - ^ 77 



l^'-'-iC, V)\ >c.,e I A;(|77 - ei) - A:,(|7;|)| + max[A;(|77 - £\),\M 
which provides a contradiction. 



THE EULER-MAXWELL TWO-FLUID SYSTEM IN 3D 



85 



Step 3. Assume that 

^cr:jj..l' |(j)i;e+,fc- <j,i;e-,6+|^ (B.12) 

These phases are in the sets Tc and Ta, and we have to prove that if Ckk'^k^-Si 

either k<~DlA or - D /2 < k,ki,k2 < D /2. 
This is equivalent to proving that 

if fc > -D/A and C:i:!^^k,,5,M ^ ^ " <k,h,k2< D/2. (B.13) 

Since 



Km A^r) - 1, hm Al(r) = y¥J^, lim X'^{r) = ^/qJ^, (B.14) 

r— foo r— >oo r— >-oo 

it is easy to see that the condition 'C^'^^'^^.^.^^ 62^^ imphes that max(fci, fc2, fcs) < D/A. Since A: > —D/A 
it fohows that niax(/ci,fc2) > -D/4- 10. RecaU that A;(0) = and A;;(r) wc,,c (1 + r'^)-^/'^, a e {e,b} 
(see Lemma [A. 41 (i)). Since |S'''''(^, 77)! < 61 for some {(,,1]) e Ck,ki,k2 it follows that min(fci,fc2) > —D/2 
as desired. 

Step 4. Assume that 

|$e;i-.e+^^b;i-,6+} (B.IS) 

These phases are only in the set Ts, and we have to prove that if ^k'ki^k2-Si 62^^ then 

fc>-£i/4and min(A:i, fca) < -1^/3. (B.16) 

It is easy to see that max(fci, A;2, fc) > —D/IQ; otherwise |E!^'''(^, 77)! > 2^'^^ for all (C, 77) & £k,ki,k2: 
in view of the fact that Ag(0) = A^O) = and A^(0) e 1- Therefore it remains to prove that if 
^^,t:fc.;5....^0then 

min(fci,fc2) < -£'/3. (B.17) 
Assume, for contradiction, that (|B.17[) fails. We may assume, without loss of generality, that 

^'-■'^'-{^^V) = <^^-''-^+{^,v) = A.(|CI) + m - ^1) - A.(h|), 
for a e {e,b}. We argue as in the proof of Lemma [RT] = ^b;i~,e+ ^ Tnr- The conditions 

[^'''^'''(C,^)! < 2"^°^ and fci > ~D/S show that |?7| > \^\. Since 



Aj(r) < — == and X^{r) > X^{r) > 



for any r G [0, 00), see Lemma rA.4l fii) and (iii), the restriction ry)| < 2^^ shows that I77I < \J ejT . 

Therefore |^| < ^JTJt and M ~ ^\ < 2^JTJt. Since r* > T'^/^ see Lemma [Q (i). it follows that 
IC ~ ^1 ?'*/2. Therefore A^ is decreasing on the interval [0, |^ — 77I] and we estimate, recalling that 
2_ioz,> > |A^(|e-^|)-A;(|7y|)| and \i-n\>2-^l\ 

/'^ K{^ds~ /''''AU^)'^^>2-2^ + |e-ry|AUie-'7l)-(H-|ei)A;(H)>2-4^. 

This provides the contradiction. 
Step 5. Assume that 

^a,p.,v |(j,e;i+,e+^ (B.18) 

These phases are in the sets Tb and 7a, and we have to prove that if Cf^^'^k2-&\ 82^^ then 

either fc > -i:>/4, min(fci, fc2) < -i^/S or - D/2 < k, ki, k2 < D/2. (B.19) 

It is easy to see that max(fci, fc2, fc) > —D/10; otherwise rj)] > 2^^^ for all (^, rj) e Ck,ki,k2, in 

view of the fact that Ag(0) = A[,(0) = and A-(0) ~Ci,,e 1- Therefore, for (jB.lQp it sufBces to prove that 

if min(fci,fc2) > -I?/3 then - D/2 < k, ki, k2 < D/2. (B.20) 
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In view of (|Rl4|) . it is clear that min(fci,A;2) < D/10; otherwise \E^'■■'' {£„ri)\ > 2^215 foj. (^^j^) ^ 
Ck,ki.,k2- On the other hand, if fc > D/A then niax(fci, ^2) > D/A— 10, and one can use (|B.14p again to see 
easily that this in contradiction with the assumption C,'kki'k2-Si &■> 7^ ^' Therefore niax(fc, fci, < D /2, 
as desired. 

Finally, for (|B.20I) it remains to prove that k > —D/2. Assuming, for contradiction, that k < —D/2 
and recalling that max(fci, ^2, fc) > —D/IO, it follows that max(fci, ^2) > —D/10, |fci — fc2| < 10. Therefore 
y^^l >^^^ 2^^-^, which provides a contradiction. 

Step 6. Assume that 

^^e;e-,b+ ^^b;e+,e+ ^^b;e+,b+ ^ ^6;e-.f,+ |_ (B.21) 

These phases are only in the set 7a, and we have to prove that if -C^'^^'^fc^ ii S2 7^ ^ ii^eu 

-D/2<k,ki,k2 (B.22) 

and 

k,ki,k2< D/2. (B.23) 
We prove first (|R22t . We notice that max(fci,fc2) > -D/10; otherwise >Ci,.e 1 for any 

(^,77) e Ck^kiM^ since Ae(0) = Xb{0) = \/l + £^^- This implies that min(fci,fc2) > —D/i; otherwise 
|2'''''(C,77)I ^c,,£ 2--° for an y (^, 77 ) e Ck^M^ since A;(r) ^c.^e min(r, 1) and A'f,(r) Wct,,e min(r, 1). 
To complete the proof of (jB.22[) . assume, for contradiction, that k < —D/2, therefore max(fci, fc2) > 

-D/10, \ki - k2\ < 10. If ee {$b;e+,e+^^6;e+,&+| ^^^^^ | ^<t;m,!^ (^^ ^) | >^^^^ J foj. ^ny (^,77) £ 

'Cfc,fci,fc2, in contradiction with the assumption Ckk'^k^-SiS^ 7^ other hand, if <I)'^'^''-' gg 

|^e;e-,6+^<j,b;e-,6+} |;hen | S^'" (^, jy) | >c,,e 2"^^ for any (^, ry) G Ck^M^ which is again in contradiction 
with the assumption ^k'k['^k2-Si S2 ^' This last bound is a consequence of the estimate 

A'b(r) - A',(r) >c„e min(l,r), for any r > 0, (B.24) 

which follows from Lemma IA.4I (ii) . This completes the proof of (IB.22P . 
We prove now (|R23| . We notice first that 

min(fc, fci,fc2) ^ D/10; otherwise either |S^''^(^, 7])| ^Ci,.e 1 
or |$'^'''''^(^, f?)| ^C6,£ 1 for any , 77) € Ck^kiM^ using (|B.14I) . Assuming, for contradiction, that (|B.23p 
fails, we need to consider two cases: 

either k < D/10, max(fci,fc2) > D/2, \ki - k2\ < 10, 

or min(fci, k2) < D/10, max(fc, fci, fca) > D/2, \k - max(fci, ^2)! < 10. (B.25) 

In the first case, we use ((BH)) to see that |S'''''(^, 77)] >c,,e 1 for any (^, r/) € CkMM if ^"'^'^ ee 
{$e;e-,6+^^b;e+,f,+ ^^b;e-,&+|^ Wc also uoticc that jS^'"^ (^, 77) | >c,,e 1 for any (^,77) e £fc,fci,fc2 if 'I''"'^-'' GG 
|<j)f);e+,e+|^ which completes the contradiction in this case. 

Assume now that the inequalities in the second line of (jB.25|) hold. By symmetry we may assume that 
ki = min(fci,fc2). In view of (|RT1) it is clear that |S^'''(C,77)| >c,,e 1 if (C, G C-kMM and € 

{$e;e-,&+^^b:e+,ft+^$b;e-,6+| ^jg^^ ^gj^^g ^^jg^^j. ^j^^^^ | $<t;';.,,. | >^^^^ l'if'(e,??) € /:fe,fei,fe2 

and e {$e;,b+,e-^^b;e+,e+^^f,;f,+,e+^^6;6+,e-|^ rpj^jg complctcs the contradictiou in this case as 

well, and the desired bound (IB.23P follows. 
Step 7. Assume that 

(^<J■^L,v ^^i;i^,e+ ^^i;i~,b+ ^^e;i+,b+ ^^e;i-,b+ ^ ^b;i+,e+y^ (B.26) 

These phases are only in the set 7a, and we have to prove that if C^'k['^k2-Si S2 ^ ^ then 

-D/2<k,ki,k2 (B.27) 

and 

k,ki,k2<D/2. (B.28) 
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To prove (jB.28|) . assume, for contradiction, that max(A;i,fc2) D/A. By symmetry, we may assmne 
also fci < k2. Using (|B.14p it is easy to see that |S'''''(^, yy)] >c,,£ 1 if (^,?7) e CrmM and e 
{$»r*-,e+^$»;«-,6+^$e;»+,6+^^e;,-,b+^^6;i+,e+i.^ On the othcr hand, if 

^ |(j)i;,e+,i— (j)i;h+,j— (j,e:b+,i+ ^e;b+,i- (j,6:e+,i+| 

then, using again (jB.14p and the smahness of 77)!, we necessarily have ki < D/10, \k — k2\ < 10. 

In this case, however, \^'^''^''^ {S.j'ri)] ^Cb,e Ij as a consequence of (jB.14p . This completes the proof of the 
contradiction. 

We prove now (|B.27I) . We notice that max(A;i,fc2) > —13/10; otherwise |S'^'''(^, 77)! >Cb,£ 1 for any 
(^,77) € Ck.kiM^ since Ag(0) = A^(0) = 0, A-(0) ~Cb,e 1- Assume, for contradiction, that (jB.27|) fails. We 
may assume by symmetry that ki < ^2 and need to consider two cases: 

either fci < -D/2, fcs > --D/10, \k - k2\ < 10, 
or k<~Dl2, k2>-D/lQ, \ki ~ k2\ < 10. 

Assume first that the inequalities in the first line of (jB.29|) hold. Since A';(r) ~Cb,e 1 and Aj,(0) = 
A^(0) = 0, it is easy to see that >c,,e S^^^ if (C,??) e Ck^M and 

(j)(T;/i,i^ ^ |(jji;e+,i— ^i;b+,i- ^e;b+,i+ jjje;6+,i- ^b-,e+,i+ | 

On the other hand, using jEl, >c.,e 2-2^5 if (^^r]) e /Ife.fei,^^ and 

^a-.fi.i' g — .e+ (jji;i-,6+ ^e;i+,b+ q^e;i-,b+ ^b;i+,e+ | 

The desired contradiction follows in this case. 

Finally, assume that the inequalities in the second line of (jB.29p hold. Using (jB.sp it is easy to see 
that |$'"'^'''(C,r;)| >c,,e 2'^" if (C,??) S CkMM and ^'"'''■'^ GG $e;«+.6+^ ^b;*+,e+i. q^^ 

the other hand, if ^'^''^•'^ then the contradiction follows by the same argument as in Step 

4. This completes the proof of the proposition. □ 

Appendix C. The multipliers me;^,!/, mi-f_,^„, and mi,-fj_,^ 

For the sake of completeness, in this section we compute explicitly the multipliers rUe-^^j^, mi-^,^, and 
'mb,a;n,iy The precise formulas are not used at any other place in the paper; the information we use about 
these multipliers is summarized in Lemma [ 

Let 



(C.l) 



Ue+ Ue, Ue^ := f/e, [/„ (7,_ := C/„ [Ub+U - PbU [Ub-U = PbU 

■.= {! + R^y^/^U^, e {e+, e~,i+, 
It follows from ((3lT|) that 

|V| /IVI IVI \ IVI 

enRo^h = - ij^Ue+ ■ RaUe+ + \j;^Ue+ ■ RaUe^ - RaUe+ ■ ^C^e- j + ^J^Ue- ■ RaUe- 

■ '^'^-fA^ • RaRlhl + iC-^U^ ■ Rc^RuT- - RcRUr+ ■ ^^uT-) + i^^uT- ■ Rc^RuT- 



|V|~ „ ~ „ ~ |V|i?~\ ./ |V|~ „ ~ „ ~ iVli?- 



■ l(^C/e+ • Rc.RU^+ + • + " ^C^e+ ' Rc.RU^- + Ro.U,+ ■ ^C/.- 

'^(jT^- • Rc.Rur+ - RaUT- ■ ^t^) - ^{^U^- ■ RcRuZ + RaUT- ■ ^-^uZ), 
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and 

sRcthRcth = — RaUe-{- • RaUe+ + '2RaUe+ ' RaUc— — RaUc— ' RaUe— 

— RaRUi-Y- ■ RaRUi-i^ + IRaRUiJf- ■ RaRUi— — RaRUi— ■ RaRUi— 

+ IRcJJgjf. • RciRUi-\. — IRoJJgjf. • RccRUi— — 2i?(jC/g_ • Ro^RUi^ + IRcJJe— ' RaRUi— . 

Moreover 

IVIi? /iVli? \V\R \ iVli? ~ 

pR^g = - i-J-Ue+ ■ RaRUe+ +l[^j^Ue+ ■ RaRUe- - Rc.RUe+ ■ ^Ue-j + ^-J-Ue- ' R^RUe 

- *(^^+ • RoJM+ + RaRUr+ ■ +i[^^U^ ■ rJjT- - RaRU7+ ■ 

+ i( - ^-^uT- ■ RJh+ + RaRuT- ■ ^-j^u^) + *(^^ • + RcRuT- ■ ^t^) . 

and 



RocgRa9 ~ — RaRUe+ ' RaRUe+ + '2,RaRUe+ ' RaRUe— ~^ RaRUe+ • RaRUg— 

— RaUi+ ■ RaUi^ + 2RaUi-\- ■ RcJJi- — RaUi- ■ RaUi- 

— IRqiRUq-Y- • RaUi+ + 2i?(ji?[/g_|_ • RaUi— + IRaRUg— • RaUi^ — IRctRUe— • RaUi—. 

We also have the terms involving the magnetic field: 

+ e-'/'MAr'RU^ ■ A^' [U,+]^ + e-'/'MAr^RU^ ■ A^' 



and 



and 



pAa = \V\A-'RUe+ ■ A,-i [Uk+]^ + \V\A-'RUe+ ■ A^' 

+ \V\A-'RUZ ■ A,-i [C/fc+]„ + \W\A-'RUZ ■ A^' [Ub-]„ 

+ \y\A-'ur+ ■ A-i + \V\A-'ur+ ■ A-1 

+ |V|Aric^ . A-i [U,+l + MA-'UT- ■ A-' , 

{Rch) ■ Aa =ie-^/^RcUr+ ■ Afe-i [Ub+]^ + ie-^'^RaUr+ ■ A^^ [Ub-]o. 

- ie-^'^RaUT- ■ A^' [Ub+]^ - ie-^/^RaU7L ■ A^^ [Ut,-]^ 

- ie-^'^RRjjr+ ■ A^-i [Ub+]^ - ie-^/^RRjjr+ ■ A^^ [UbA^ 
+ ie-^'^RRjlT- ■ A^' [Ub+], + ie-^/^RRjh- ■ A^' [Ut,-]^ , 
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while 

[Rag) • A„ = - iRR^ur+ ■ A,-i [Ub+]^ - iRRaU^ ■ A^^ [Ub-]^ 
+ iRRaf/T- ■ Aj-i [Ub+]^ + iRRaf/T- ■ Ab^ [Ub-]^ 
- iRjjr+ ■ Afc-' [Ub+]^ - iRocUr+ ■ Ab"' [UbAa 
+ iRoJjT- ■ Afc-' [Ub+]^ + iRjh- ■ Afc-' [Ub-]a ■ 

Finally, 

A^.A^= A,-i [Ub+]^ ■ A,-i [Ub+]^ + 2A,-i [Ub+]^ ■ A^' [Ub-]^ + A^' [Ub-]^ ■ A^' [Ub-]^ . 



Let 



I :={(e+, e+), (e+, e-), (e-, e-), i-), (i-, i-), {b+ a,b + I3),{b + a,b - l3),{b - a,b - (3) 

{e+,i+), {e+,i-), {e-,i+), {e-,i-), {e+,b+a), {e+,b- a), {e-,b + a), (e-,6 - a), 
b + a), b — a), {i—, b + a), {i—, b — a), 1 < a, ,5 < 3}. 

(C.2) 

The nonlinearities J\fe,Afi,Afb can be written in the form 

^{■N'b,a){^,t) = C V / mb,a;ti,t,{^,V)Uij.{^-V,t)U^{V,t)dr]. 



Letting 



(/*,i/)6l' 

i[e-^/^ - RjQRj^ - f])R{'n)] 

^{i+Rm{i + R{^-7ir){i+Rm' 

i[e-'/^R{^ - r^)Rirj) - RjQ] 

vo^nmw+w^W)Ab{v) ' 

i[e-^R{^ - r?) + RjO] 

^{i+Rm{^+m-vr)Ab{v) ' 



Te;i,bi^,V) ■■ = 
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the multipliers me;^,i/ are given by 



me;e+,e-{^,r]) 
me;e-,e-{^,V) 

me;i+,i-(^,??) = 

me;i-,i-{^,r]) -- 

me;e+,i-(^,r?) ■■ 
me;e-,i-{^,V) 



= Te;e,e(C,??) 
= T'e;e,e(C,??) 



+ 



+ 



+ 



2|^||r/|Ae(e-r;) 
m\ri\Ae{^-v) 

Aem^-v\i^-v) 

m\v\M{^-v) 

Ae(0|e-^l(e-^) 

m\v\A^{^~v) 
Aeim-v\i^-v) 
m\v\Ai{^-v) 
AAm-v\ii-v) 
m\v\Ae{^-v) 
Aem^-vK^-v) 

2|^||77|Ae(^-r?) 

Aeim-v\i^-v) 
m\v\Ae{i-v) 
Aem-v\{i-v) 



2m-v\Ae{v) 



m-v\\v\ 



2m-v\A^{v) 

\m^-v)-v)- 



\cm-v)-v) 



41^-^11^1 
Ae(OH(^(C-r?)) 

2m-v\Miv) 

Ae(OM(^(g-ry)) 
2\m-v\Ai{v) 

Aemv\{^-{i-v)) 
2m-vmv) 
Ae{om-{i-v)) 



2\^-vH 



+ 



2|^ 



- 77) • ry) 



2mv\Ae{C-V) ^ 2m-v\Ai{n) 



2k-??IN 



(C.5) 



We also have the magnetic terms 



me;e+,6±,a(^,'?) = Te;e,bi^,V) 

me-e-,b±,a{£,,Tl) = Te-e,b{£.,v) 

me;i-,b±,a{^^V) = Te-t,b{£,^V) 



2 Ae(^-r?) 1^1 2'^' \^-rj\ 



^ ^^ey^Jl^ '11 Set _ 

2 Ae(e-r;) |e| 21^' 



^ ^'■ey^ll^ - '/I 

2 A,(C-,7) |^r2l^l 



l Ae(0|^-r?K a 1 

2 Ai{^-rj) ICI 2 



1^ 


-rj\ J 










(e- 




1^ 


-r?| J 


(C- 




1^ 


-r?| J 



1 i[e-3/2 - 

me;6+,«,6+;3(C,^) =me;6-,„,6-,MC,^) = ^m,-M-A^,v) = ^^yTrW 4A,(e-ry)A,(r;)' 



(C.6) 
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Similarly, letting 



i[e-'/^R{0+RiC-rj)R{v)] 

i[e-^/^R{ORi^ - r])R{r]) + 1] 
V(l + i?(e)2)(l + i?(r?)2)(l + i?(e-r,)2)' 
i[e-^/^R{OR{r]) - R{^ - 7])] 

i[e-^R{^)+R{^-rj)] 

-i[e-^R{OR{^-v)-l] 

^{i+Rma + m-vr)Mv) ' 

-i[e-^/^R{0 + l] 

./TTRWU^-v)Mvy 



the multipliers m^n^u are given by 



mi;e+,e+(^,??) 



i;e+,e- 



mi;e-,e-{^,V) 

mi;i-,i-{^,v) -- 
mi;e+,i+(C,?7) : 

mi.e+,i-{^,v) ■■ 
mi;e-,i+(C,?y) ^ 



+ 



Ai(OIC-r?|(^r?) 



+ 



+ 



+ 



2|^||r;|Ae(C-r;) 
2|Clh|Ae(?-r?) 

UO\^-v\{^-v) 

um-v\ii-v) 
m\v\u^-v) 

m\v\Mc-v) 
Mm-v\ii-v) 



2|elie-/?|Ae(r?) 

\m^-v)-v)- 



+ 



\im-v)-v) 



A.(OM(^(^-^)) 
2\m~v\Mv) 
\im-v)-v)- 



+ 



4|^-r?||r?| 

2m~v\Hv) 

2\m-v\uv) 

2\m-v\Mv) 



2\^-vH - 



7711771 J 

- 77) • ry)- 



v\\v\ - 



2mv\M^-v) 2m-v\uv) 



+ 



2\^-vH 
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Again, the magnetic terms give 



mr,e-,b±,a{^,r]) =Ti.e,b{^'V) 

mi;i_,6±,a(^,?y) =Ti.i,b{^,v) 



.2 A,(^-r,) lei ' 

.2 Ae(^-r?) lel 2l^l 

2 A,(e-r,) |^r2l^l 

2 Ai(C-r/) 1^1 2l^l 









-v\ i 




- 'n)a~\ 




-v\ -1 






1^ 




(e- 




1^ 





mi;6+,a,6+,/3(^,?7) = 1'ni;b-,a,b-,ls{C,'n) = -jTUi-h+^oifi- ,^{^,11) = ^i;5,6(^, ??) 



Finally, we can decompose A/b- Letting 



we get that 



iQlAO [~e-' + R{^-v)R{v)] 

^/(l + i?(e-r;)2)(l + i?(,y)2) 

V^(l + i?(e-r7)2)(l + i?(77)2) 
iQlA^) [e-'R{v)+Ri^-v)] 

./IT+W^'WW+rW) 



nib,a;e+,e-{£,,1l) 



6;e,e 



1 1^ - ??l ^7/3 



2Ae(e-ry) |r?| 
1 



m6,„;e-,e-(C,»7) = -7;X(^'^) 



Ae(e-r?)|r?| Ae(r?) |^ - 7?| 

1 ^7/3 



2A,(C-ry) |,7| 
6;Mv€''?)2A,(^-r?)H 



1 1^ - ??l '7/3 



\V\ {^~v)p 



mb,a;i-,i-{^,'n) 



naJ3 



mb,a;e+,i-{^,V)=T^-A^,V)^ 



1 \i-v\ rip 
2A,(^-r?) |r?| 

IC-'7l ^7/3 



H {£.-11)13 



\£ -v\ m ^ \v\ {£ - v)fs 



+ 



Ae(C-r?)|r?| A,(77) |e - 77I 



mb,a;e-,i-{^,V) 



\£ -ri\ V/3 _^ H {£, - 



+ 



K{^-v)\v\ Hv) 



THE EULER-MAXWELL TWO-FLUID SYSTEM IN 3D 



93 



Finally, we add the magnetic terms 



mb.a-i±,b±,l3{C,V) - 



2v/l + i?(e-ry)2 M^-ij)Ab{v)' 
Appendix D. Other models 



(C.12) 



The purpose of this section is to show how the results in the main body of this work extend to several 
other models. In particular we focus on two variants of (jl.ip which are invariant under appropriate 
change of frame: the Euler-Poisson is invariant under Galilean transformation, while the relativistic 
model is invariant under Lorentz transformations. 

D.l. The Euler-Poisson model. Formally taking c oo and S = in we derive the Euler- 

Poisson system in the two-fluid theory, which is relevant when the magnetic forces can be neglected: 

dtUe + div(ne'ye) = 0, 
ngTOe [dtVe + We ' Vwg] + Vpe = rieeV (j), 

dtUi + d\Y{niVi) = 0, (D.l) 
■UiMi [dtVi + Vi ■ Vvi] + Vpi = -ZnieVip, 

— A0 — AirelZrii — rie). 

Here the electromagnetic fields are given by 

E = -V0, B = 0. 

Galilean invariance. This system is left invariant by Galilean change of unknowns. More precisely, 
let V gM."^ he a. fixed vector and let 

X -i' x' := X + Vt, t^t':^t 

Tie rig := He, Vg v[, := Ve - V, Hi n- := rii, Vi v[ := - V", 4> ^ (j)' := (f), 
then, we observe that {ne,Ve,ni,Vi,(j)){x,t) solves (|D.1|) if and only if {n'^,v'^,n^,vl, ip'){x' ,t') does. 
Arbitrary pressures!^ We consider arbitrary smooth pressure laws of the form 

Pi=Pi{ni), pe= Peine), with pg(rio) > and p-(no/Z) > 0. (D.2) 

Defining 

Pi = Zp'^{no/Z)/na, Pe = p'Jno)/no, 
and using the rescaling (|1.7I) . we have the Taylor expansion^ 

- P. [1 -f PIp + ■ c.(p)] -.^ P.q',ip)Vp, ^P^[T + Pin + ■ Ce(n)] := P.<z^(n)Vn, 

Ui ^ Ue 

(D.3) 



^■^The analysis of the arbitrary pressure here carries over directly to the Euler-Maxwell case in HI. 11 1. 
^^The enthalpies given by h'^{x) = p'^{x)/x and h'^{x) = p^{x)/x are also important for the relativistic model later on. 
The functions qi and are essentially the internal specific energies, = Uihi — pi and Ce = ri^h^ — p^. 
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for some constants Pi,Pl and some smooth functions a and Ce- After rescaling as in ()1.7[) . this gives 
the new system 

dtn + diY{{n + l)v) ==0, (D.4) 

+ rVn-V0 +Pln\7n + n^Ce{n)Wn =0, (D.5) 

(9tp + div((p+ =0, (D.6) 

(9tM + u- Vu) + Vp + V0 +i^VVp + p^c,(p)Vp ==0, (D.7) 

-A(/)-p + n =0, (D.8) 

The analysis developed in the main body of this work applies directly to the Euler-Poisson system and 
gives: 

Theorem D.l. Assume £ < 10"^ and T e [1/10, 100]. Let Nq = 10"* and assume that 

II «°)||^«., + II (n", p", u")|U = <5o < ^, 

V X = V X u" = 0, 

where 6 — S{T,e) > is sujficiently small, and the Z norm is defined in Definition \4-l\ Then there 
exists a unique global solution {n,v,p,u) G C([0,oo) : 7?^") of the system (|D.4p - (jD.8|) with initial data 
(n(0),u(0),p(0),u(0)) = (n°,w",p°,M°). Moreover, for any t e [0,oo), 

V X v(t) = V X u(t) = 0, (irrotationality) (D.IO) 

and, with j3 :— 1/100, 

\\{n{t),v{t),p{t),um\HNo + sup {1 + ty+^'/^\\D:{n{t),v{t), p{t),u{t))\\L^ < So. mil) 

|a|<4 ^ ■ ' 

D.1.1. Derivation and main steps of the proof. The proof of this theorem is very similar to the proof of 
Theorem 11.11 Proposition 12.11 remains essentially unchanged using the energy 

^n:= J2 I KHI^>P + £(i + ^)l^>P + 'zKp)l^>P + (p + i)l^>P + I^ZV0p]dx. 

Note that (?e > and q[> for small perturbations, as follows from (|D.2p and (|D.3p and that q'^{i)) = T, 
q'i{0) = 1. This gives local existence of smooth solutions. Using that 

a* [V X u] = V X [t; X [V X v]] 

[V X u] = V X [m X [V X u]] 

we see that smooth solutions with irrotational initial data remain irrotational for all time. We can 
therefore write 

Va — Rah, Ua — RaQ, Or h — | V p "'^div(w) , g := — | Vp"'^div(M) 
and wc then see that (|D.4I) - (|D.8I) becomes 

dtn — |V|/i = —da [nRah] , 
dtp - |V|.g -da [pRag] , 
dth + \W\-^H^n - £-i|VrV = -(1/2)|V| [RahRah] - |V| [{P^/2)n^ + n^C,{n)] , 
dtg - ivr^n + M-'hIp = -(1/2)|V| [RagRag] - |V| [{Pl/2)p^ + p^^p)] , 
where Hi and are given in (jSHJ) and d and Ce are smooth functions related to Ci and Ce by 



(D.12) 



C^{t) - 1 / s'c,{s)ds, Ce{t) = ^ / S^Ceis)ds. 
t .In t .In 
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In particular, they satisfy that Ci(0) — Ce(0) = 0. 
Defining Ue and Ui as in p.Sp . we can recast this as 

iidt+iA,)Ue =Afe+K. 



where (recall that R is defined in p.ip ) 



M = 



Aei?Q 
— AiRa 

2V1 + i?2 



e^/^Rah ■ RJi - R[Rag ■ Rag]^ , 



IV 



4Vl + 



contains nonlinear terms already present in and 



4V1 + 
|V| 
4Vl + i?2 



e^^Pln-n- PlR{p- p)] + i- 



IVI 



2V1 + i?2 
IVI 



[£^/^i?[i?a/l • + Rag ■ Rag 

e^R[n ■ n ■ Ce(n)] +p- p- Ci{p) 
e^n ■ n ■ Ce{n) - R[p ■ p ■ Ci{p) 



(D.13) 



(D.14) 



2V1 + 

is a new nonlinearities coming from the new pressure. 

Since the formulas in (jD.14l) involve Fourier multipliers with 5^*^" Fourier symbols, we see that all the 
additional quadratic symbols are of the form given in p.26p . In addition, we have that the cubic terms 
are of the form 



(C - 'n, V, X)U^{£, - ?/, t)U^{T] - X, t)C.j (x, t)d'qdx 



where 



^l;tj.,v,j (f: V. X) = ICI • - V, Vi X) 
for some ^2, ■fs) a linear combination of functions of the form (|D.38[) and 

satisfy (|D.39P in view of Lemma FD . 5 1 below . Thus, the new terms in the nonlinearity fall under the scope 
of Proposition 15 . II or under the scope of Proposition ID.4I and can be handled. 

D.2. Relativistic model. We refer to 0[2Ol[25 for other references about relativistic fluids. 

D.2.1. Relativistic Euler- Maxwell model for the electron. As a starter, we introduce a simpler one-fluid 
relativistic Euler-Maxwell model, namely the model for the electrons. This is the relativistic counterpart 
of the (classical) Euler-Maxwell model for electrons already discussed in [TH [21] . 



We consider Minkowski space {M}^'^ ,gap) with goo 



is denoted g^" where g 



00 



-c-\ g'^ 



c , gij 



Sij and goj — gjo — 0. Its inverse 



Sij and g"-' = g^^. We use the Einstein convention that 



repeated up-down indices be summed and we raise and lower indices using the metric. Latin indices 
vary from 1 to 3, while greek indices /x, 1/ . . . vary from to 3. 
We denote T'^{'U}'^^) the set of contravariant d-tensors on the Minkowski space. We model the electron 
fluid by a scalar function rie G T°(IR^''''^) and a velocity function u = (w")o<a<3 G T^{M.^^^) normalized 

b£l 

U^Ua = -c^. (D.15) 

Below, we will always note 7e = so that u'^ = (7e, w^, u^, i;^) with 7^ 



repeatedly switch between u and v as one uniquely defines the other thanks to (ID.15[) . 



p. We wiU 



"'^^Some authors prefer to normalize the velocity of a particle of rest-mass m by asking that u°'Uo 
prefer to incorporate the mass separately. 



-mc^. Here, we 
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In addition, we also consider an electromagnetic field F — {F'^'^}o<fj.,i,<3 G T^(M^+'^). We assume 
that this field is skew-symmetric: F'^'^ = — F''^. Finally, we also assume the presence of a uniform fiat 
positively charged background of density of charge noe and four-velocity dt = (1, 0, 0, 0) € 

We can introduce the energy-momentum tensor associated to the fluid under consideration: 



2/Tn)l+3\ 



where p = p{n) is a function satisfying assumptions as in (|D.2[) and h = h{n), the specific enthalpy is a 
function satisfying 

h'{x) = h{0) = m,c^, (D.16) 

X 

where me is the rest-mass of an electron. We can also consider the energy-momentum tensor of the 
electromagnetic field: 



F^'^F^'-g^p + iF'-^F^pg^'' 



G 7-^(^1+3) 



The dynamics are then given by three equations: the Maxwell equations, the continuity of matter and 
the balance of energy-momentum. The Maxwell equations give: 

47r 

where the total relativistic current is defined by 

J" = enod^ - enu". (D.18) 

The continuity of matter gives 

d^iriu") = 0. (D.19) 

The balance of Energy-momentum is then 

CT) 

c 

After using (jD.191) . this reduces to 

-^d, [hu'^] + g>'''d,p = —Uo.F^"' . (D.20) 
Projecting onto the direction of u gives 

—nu^d^h + u^d^p ~ 

which is always satisfied. Therefore, (jD.20|) only contains three nontrivial equations which can be obtained 
by projecting onto M^, the orthogonal of dt- 

Lorentz Covariance. Consider a Lorentz-transformation L, i.e. a (fixed) 2-tensor L satisfying 
LapL"^ = SJ and define 

{XT - L'^'^Xp, n'{X') = n{X), = L'^^uniX), {F')°'^{X') = 1°"^ L^^ F^s{X), 

{j')"{X') = L"^Jp{X) 

Then, we see that {n, u, J, F) satisfy ((DT7)) - ((m9)) - (ID.2.ip if and only if (n', u', J', F') does. 
Irrotational flows. We introduce the (generalized) vorticity defined by 

i^afi = da{hufj) - dfs{hua) + ecFap. 
This is transported by the fiow in the following sense: 

U^dyljJap = {daU'')u!py - {di3u'')uJav ■ (D.21) 
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Indeed, we may simply compute 

u^d^ujap = daivi'dyihup)) - du{hup)dau'' - dp{u''dy{hua)) + dy{hua)dpvl' + ecu^duFap 

= -dai—dpp - ceugFp^g'^^) + dp{—daP - ceugFa^g'^^) - ecu"" {daFp,, + dpF^a) 

- {dau'')uj^i3 - {dau'')dp{hu^) + ec{dau'')F^i3 + {dpu'')uj^a + {dpu'')da{hu^) - ec{djju'')Fi,a 
= ecidc.iu' Fpg) - dpiu'F^g) - u-'dA - u'dpF,^ + - {dfiu'')F,^} 

and hence as long as the solution is smooth irrotational initial data lead to solutions which remain 
irrotational. 

New Unknowns. We assume that the data are irrotational and we consider the unknown^ 

= c-'^hu^ = c-'^hv\ = ecF^°. (D.22) 
All the other unknowns can be recovered from the formula 

the first equation in (|D.17|) 

1 

47re 

and from the fact that the mapping 



D : {n,v) (n7e,/ie) = {n\/l + c ^\v\'^,c ^h{n)v) 

is invertible in an _L°°-neighborhood of w = and n = uq, where /i ~ /iq := h{no). This latter point is 
easily seen from the Jacobian matrix 

\/D-f l7^c~V\ 
^ \c-^h'{n)v c-^h{n)h)' 



which also in particular implies that 

d^h = -^^^d,dkE^ + h.o.t. (D.23) 
The dynamical equations then reduce to the following (from (|D.20p and the first equation of (|D.17p ) 



.2 I,, 12 



1 ' hje ' 2 p 24) 

dtE^ - c2(curlcurl(^e))^' - ^ne^c^^fii = 0, 



where 

(curl(t;))' :=e'J"'= d^Vk- 



'This choice of unknown is motivated from the choice of unknowns in the non relativistic case |29| . 
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We can now choose scales appropriately so as to minimize the number of parameters in the linear 
system. DcfineO 



ho 



T 



ho 



(^) , P'o^p'ino), /3 = Ac 



^J.e{x, t) = ]l{Xx, pt), E{x, t) = l3E{\x, pt), 

n = no{l + n{\x,l3t)), hoh = h{n), 7 = \/ 1 + {c/ho)'^h-'^\Ji\'^ 

and introduce 

Q^^lVr^curL P = -V(-A)-Miv, + ^ Id, Pg = 0, ^ P, 
We can recast (|D.24[) as 

dtJl + E~ TAPE = M 
dtE + AQ^li-Jl = U2, 



where 



-M2 



ho 2 



= 1- 



1 + n 



TAPE+^Vh 



■0 L h'y 



1 



We define 

1 - TA, Kl := 

and we introduce the dispersive unknowns 

Ue ■■= PJl - iAePE 



1- A 



which satisfy the system 



Ub -.^QJl-iA^^QE 



{dt + tAe) Ue = PAfl - iAePU2 

[dt + ikb) Ub = QNi - iKl^QM2. 



(D.25) 



(D.26) 



Now, it suffices to remark that {E, h, n, Jl, 7) are smooth invertible functions of C/g Sind Ub to see that the 
nonlinearities in (jD.26p correspond to a quadratic form that can be treated using the same techniques as 
in 29 plus a cubic term that can be treated using techniques similar to those of Subsection ID.3I This 
yields the following theorem: 

Theorem D.2. Fix h, c, T. Let No — 10* and consider vo = rto(l + Po) with {po,vo,Fo) G satisfy 
- -47rc-VoVl + c-2|z;oP-no, ec-^F^'' - dk{h{i^oH) - d^ih^v^), 

and 

3 

Uvo,Fo)\\h-o+^ + E - ^K, (1 - ^)F^°)\\z = £0 < e, 
i=i 



^^Here uig denotes the (nonrelativist) electron plasma frequency and denotes the (non relativist) sound velocity. 
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where e > is sufficiently small, and the Z norm is defined in Definition \4.1 Then there exists a unique 
global solution {n,u,F) with {n-no,v,F) G C{[0,oo) : H^"+^) of the system (lDT7| - (lm8)) - (lDl9| - (|D:^ 
with initial data (n(0), w(0), -F(O)) = {vq^vq, Fq). Moreover, 



d.jF^^{t) = -47rc-i[n(i) Vl + c-^v{t)\^ - tiq], ec^^F^u = dk{hv.j) - dj{hvk), for any t G [0, oo), 
and, with /3 = 1/100, 

sup \\{v{t),Fit))\\HNo+i+ sup sup{l + ty+^\\{DPvit),DPFitmL^ <£o- 
te[o,oo) te[o,oo) |p|<4 

The proof follows the same strategy as in [29] . To find the high-order energies, we start from the 
conservation of energy: 

[T"" + S""] = 

which implies that 

£o = / [r°° + dx 

is conserved. We then define the high order energies by 



3 3 



dx, 



from the Hessian of Sq- 

The semilinear analysis is a direct adaptation of [551 Section 3 and 4]. Once we remark that Ue{0) and 
Ub{0) defined in terms of {vq, Fq) and h as above satisfy 

|l([/e(0),;7fc(0))||^«o + i + ||(C/e(0),[/fc(0))|U < 4. 

and jEHI. 

D.2.2. Relativistic Euler-Maxwell model for two fluids. Now we consider the relativistic analogue of (jl.ip . 
We consider again the standard Minkowski space (R^+"^,(7) defined as in the previous subsection. 

The main unknowns are two densities Ui and rig, two velocity fields vi and Ve (both of which satisfy 
(|D.15P ) and an electromagnetic field F. We are also given pressure laws pi and Pe and enthalpies hi and 
he satisfying (jD.16p . with Mi, the rest-mass of an ion instead of for pi, hi. 

The Maxwell equations (|D.17[) remain the same, with the relativistic current now defined as 

J'^ = ZeuiUi — en^u^ (D.27) 

instead of (|D.18[) . Both species are independently conserved so that 

9,KO = o==a,KO (D.28) 

and we have two forms of balance of momentum: 



c 

c 

In particular, we recover the fact that the stress-energy tensor is divergence fre€0 

[rr + T^" + = 0, 

rr = n,K^ + p,g^\ rr = nehj^ + p^g^^'^ . 



(D.29) 



^^In general relativity, the stress energy tensor should be equated to a multiple of the Einstein tensor of space time. 
The fact that the stress energy tensor is divergence free is then a consequence of the Bianchi identity. 



100 



YAN GUO, ALEXANDRU D. lONESCU, AND BENOIT PAUSADER 



Again, we have two naturally transported (generalized) vorticities: 

= 9a [hi{Ui)[3] - dp [hi{ui)a\ - ZecFai3, 

^ap = 9a [heMp] " dp [he{Ue)a] + ecF^p, 

which satisfy that 

We thus see that irrotational flows are well-defined and remain irrotational along the how. 

We can easily see from (jP.f 6p that the component of (jD.29l) parallel to the fluids under consideration 
are automatically satisfied. Thus to verify (|D.29p . it suffices to verify it when n = j varies between f and 
3. 

We now define the unknowns 

^.l = c~'^hiuj, fil = c~'^heui, 1 < J < 3, 

E^:^ecF^°, 2B^ = -ec-^ e^''^ Fki, F^^ = -cer^ e^^^ BK 

Since we only consider irrotational flows, 

B = V X = -^■"^V X (D.31) 

at all times and we see that B is uniquely determined by ^.i or /^e- 
Now, we can rewrite our evolution system as 

dt{ni-fi) + c^div(^/ij) = 0, 
hi 



1 lu P 

^t^^^ + -d,h - ZE^ + ^a,^ = o, 

7i lihi 2 



We now set 



dtirieje) + c^div(^/ie) = 0, 

^t^ii + -djK + E^ + -, dj ^ = 0, 

dtE - c^cm\{B) + Ane^c'^lz'^fi^ - J^^ie] = 0, 

III iIq 

dtB + cutI{E) = 0. 

H, = hi{no/Z), n^PiZ = p[{na/Z), = /le(no), rioPe = Pe(^io) 



and 



47rnoZe2c2 W y/noZP,H, 



^^f^' ^^t' ^^-^^^ 
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and use the rescaling 

ni{x,t)^i{x,t) = {n(^/Z)[p{Xx,l3t) + 1], n(,{x,t)^e{x,t) = nQ[n{\x,pt) + 1] 
^i{x,t) = ^u{\x,(3t), ^e{x,t) ~ {efi/Z)v{Xx, l3t) 
E{x, t) = noXP.EiXx, pt), B{x, t) = {Xti/Z)B{Xx, pt) 
h,in,ix,t))^HMp{Xx,/3t)), h[(ni)^Z^P,q[{p), /i,(0) = 1 = g,'(0) 
K{n,{x,t)) = HX{n{Xx,(3t)), h'^{n,) = P,q'^{n), h,{Q) = I = q'M 
to obtain the system 

dtp + div[^3i^u] = 0, 

lihi 

~ 1 1 luP 

dtu^ -E^ + ^d,q, + —9,^ = 0, 
It y,hi 2 

dtn + div[^i^w] = 0, 

lehe (D.33) 

e{dtv + ^a,LL} + + ^d^q^ = 0, 

OtE-' curl(_B) + [ _~ u — _~ v\ — 

9*5 + cm:\{E) = 

which has a similar structure to Indeed, we may Taylor expand to get 

P - l + rip + .gi, q^ = p + ^sp^ + ralup + /12, 



1 + -, 2 / I i2 , 



7e/le 

where ri, r2, ra, and r4 are constants and .91,53 are smooth functions of [p^u,n,v) which vanish 
at the origin (0, 0, 0, 0) together with their gradient, and /12, hi are smooth functions of (p, m, n, v) which 
vanish at the origin (0, 0, 0, 0) together with their first and second derivatives. 
We may thus rewrite (jD.33l) as 

dtp + div[u] + ridiv[pu] = — divfgi], 
2' 

dtn + div[w] + r3div[rtt;] = — div[g3], 
dtv + e-^& + e-^TdjU + e-^Trid.j{n^) + {e-^Tr^ + ^)dj\v\^ = T4, ^^'^"^^ 

dtB + cur\{E) = 0, 
dtE curl(i?) + M — w + Wipu — r^nv] — —giu + g^v, 

£ 



dtu^ - E^ + d,p + r29,(p2) + (r^ + -)d,\uf = T^, 



where 



T2 = -{7r' - - li'd,h2 - mh,)-^ ~ l)/2 • 

Ti = -{e-^T^-^ - l}d,qe - e-^j-^d.h^ - {(h,%)-^ - l)/2 • d,\v\^ 
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are simply smooth cubic (or higher order) terms in (p, n, u, v) with no particle structure. We can directly 
observe that the linearization of (jD.34|) coincides with the linearization of Therefore we consider 

the same dispersion relations (|3.12p and we define the dispersive unknowns as in 



2\/ 1 + i?2 

Ue := , ^ \ - s^^^\V\-^Aen + R\V\-^AeP + te^/^Ry -iRRjU^, (D-^^) 



2Ut := Ab\\7\-^QB -iQ^E 
with inverse transformation given by 



VTTWAe VTTWAi 

'^""^ -(Ue + U-e) + ^M^iU^+m, 



VTTWAe ViTWa, 

(Ue - Ue) H , 



= R, ^==(C/e - Ue) + ; "j jU, -U,)\ + -A^'RciUl), 



(D.36) 



Using these formulas (and in particular the fact that dtn and dtp are exact spatial derivatives so 
as to counteract the singular relation at frequency in the definition of Ue and to keep the derivative 
structure in the quadratic part of the nonlinearity Afi), one quickly sees that {Ui, Ue, Ub) satisfy (|3.19l) 
with quadratic nonlinear terms of the form given in p.20p and Lemma 13.31 and cubic nonlinear terms of 
the form handled by Proposition ID. 41 

Following the analysis in Section [S]|51 we may obtain 

Theorem D.3. Fix hi, he, c, define e, T, Cb by (jD.32[) and assume (|1.9p . Let Nq = 10'* and assume 
that 

II (n" - no, p° - Z-'no, F'>)\\^.,^, + || (1 - A)in'> ,v° , p'\ F)\\z ^ 6o <6, 



cdj{Fy" + 47re[nVl + c-2|t;0|2 - Z p"^ ^ 1 + c-^ \uY] = 0, 

ecF!;, = Z-^{d,Mpyi] - 9,[/i.(p0)«°]} = dkihein^'^] - d,[he{n'>)vt], 

where 6 > is sufficiently small, and the Z norm is defined in Definition \4-l\ Then there exists a 
unique global solution [ue ~ no,Ue,ni — Z^^no,Ui, F) G C{[0,oo) : H^") of the system (ID.17|) - (ID.27|) - 
dEMI-dEllI with initial data {ne{0),Ve{0),n,{0),v,{0), F{0)) = {n° ,v° , p° ,u° , F°). Moreover, for any 
t £ [0, oo), 

ecF°i, = Z^^{dj[hi{vi)k] - dk[hi{vi)j]} = dk[he{ve)j] - dj[he{ve)k], 
and, with l3 :— 1/100, 

\\{ne{t) - no,Ve{t),n^{t) - Z^'^nQ,v^{t), F{t))\\H'^o 

+ sup (1 + t)'+f'/^\\D^ineit) - no,Ve{t),n^it) - Z-^no,v^it),Fit))\\L^ < So- 

\a\<4 

D.3. Cubic nonlinearities. We consider an operator of the type 

f:;'^'''[f,g;h]{x)^ [ f 9™(s)m(a,6,6)e**^''^"^"«^^/(a,s)?(6,s)/i(6,s)dsd6rf6d6, 



(D.37) 

$(5,6,6,6) - ^ ■ (6+6 + 6) + s A, (6 + 6 + 6) - A^(6) - A. (6) 
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where 

m(a,6,6) = go(6 + 6 + $3)91 (6)92(6)93(6), sup ||<z„||5ioo < 1. (D.38) 

0<n<3 

In particular, 

J-f;^^^'^[/,g;/i](6 

qm{s}m{£_ ~T],Tj-e, 6l)e"K(«)-^M(f-'/)-A.(';-e)]/(^ _ s)g{Tj - 6, s)h{e, s)dsdr]de. 

We will prove the following proposition 
Proposition D.4. Assume that 

ll/^ll_ff"onz + WfllH^onz < 2 
and that h satisfies for any s € [0, Tq], and any fc G Z 

||Ffc/^(s)|U2 <min(2-^''^2(l+^-")'=), 

ll^fc'^(s)lk- < min(2-6^2(l/2-'3-")'^•)(l + s)-l-'^ 

then there holds that 

^ {l + 2''-+2''^+2'^)\\^f ■P,,f:;'^'''[f^^^^^Ji:^^^^^^ (D.40) 

/or any choice of 

ae{i,e,b}, {k,j)€j, m e {0, . . . , L + 1} 

Proof of Proposition \D.37\ Proceeding as for Proposition lS-H from (|D.38p . we may assume that m(6, 61 6) 
1. Then, Plancherel theorem gives that 

m''n'^^''[PkJ,Pk.g;PkML^ 

<2" sup mm{\\PkJ{s)\\L2\\e''^"Pk,g{s)\\L^\\PkMs)\\L^, 41^ 

\\e^'^^'PkJis)\\L^\\PkM\\L4PkMs)\\L^A\e''^^'PkJ 

which will be used repeatedly. 

Let = max(0, fci, fc2, ^3)- We first claim that if 

j < to/2 + N[^k++ + 

where iVg is as in (fOi)) . then (|D^ holds. 

We proceed as for Lemma [521 It suffices to show that 

J2 2^-++(2"'= + 2io^-)23^/22(i/2-^)^||4'^-) . Pkf;^'^^''[fl,\^^^,fi:,,,,;PkML^ < S"''''". 

{kun),{k2,j2)&JM 

Using (|5.17p . we first observe that 



Jr 

^ 2-l3{\ki\ + \k2\)2-"i2^-^°'^^ 

and therefore 

J2 2'=++(2"'= + 2io'=)23^"/22(i/2-/3)fe||^W . Pkf:^;^''^[f^^^^^Ji:^^^^;PkML^ < 2^^'". 

(fel,Jl),(fc2,i2)6J',fc3>fe + +-10 



104 YAN GUO, ALEXANDRU D. lONESCU, AND BENOIT PAUSADER 

On the other hand, if < fc++ — 10, then max(0, ki, ^2) > fc++ and we may proceed as in the proof of 
Lemma [Ql using (jD.4ip . 

We now define three sets 

51 = {(fci, ji), (fc2,j2) e J ■■ max(fci,fc2,fc3) > j/iVol, 

52 ^ {{ki,ji),{k2,j2) ^ J ■■ min(fci,fc2,fc3) < -lOj}, ^3 = {(/ci, ji), (fca, ^2) e J" : max(ji, ja) > lOj} 
and claim that if 

j > m/2 + N[^k+ + D'^ 

then, for p = 1,2, 3, we have that 

53 2'=++||^f . Pkf,''^''^''[fi:,,,,JLn'P'^MBl^ < 2-'^'". (D.42) 

(fel J"l):(fe2 j2)G5p,fe3 

This is done similarly to the proof of Lemma [ 



We can now consider each term in the remaining sum separately. More precisely, it suffices to prove 
that 

2'=++||4'=) . Pkf:-'^^''[fi:,,,,,fL.n-'PkMBl^ < 2-^'" (D.43) 

provided that 

J > m/2 + N'ok++ + D^, -lOj < /ci, fc2, /C3 < j/K max(ji, J2) < lOj. (D.44) 
This is similar to the proofs of Lemma 15.51 and 15.61 but in an easier situation. We first assume that 

j + 4fc/3<0. (D.45) 
In this case, as in Lemma 15.61 it suffices to prove that 

On the other hand, Cauchy-Schwartz inequality gives that, for any ^, 

<2-n.ax(0,fe3)2-/^™ sup || (^) lUHl /fe. II L= 

sG[2™-2,2'"+2] 

which suffices given (jD.45|) . 

Recall Definition 14.11 We now show that, whenever 

J > m/2 + iV^fc++ + D^, -IQj < ki,k2, ks < j/N^ max(ji, J2) < lOj, 
there holds that 

2'=++(2"'= + 2io^)||^{^f .Pfcf-^^^''[/,^^_^,,/,;,^-Pfe3/i]}|U^, <2 (D.46) 
Indeed, for any ^, 

f^'^'^ULi^^fLn^PkMiO < I qn^{s)\\HEf]^,^,M-fLni')}\\LA\PkMU^ds 
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if max(0, fca) > fc++, and 

Jm 

if k2 > and similarly if ki > In every case, we easily deduce (jD.46p . 

We now consider the i^-bound in Dcfintion l4.1l We first assume that 

k > -3/4j, j > m, min(ji, is) < (1 - (D.47) 
We may also assume that ji < j2 and ji > — fci > —j/N^. In this case, using that 



> \x\ - (72™ > 2^- 



-10 



[x ■ (Ci + 6 + 6) + sA,(?i + 6 + 6) - sA,,{(i) - sA(6) 
we may use Lemma rO] in (|D37| with if = 2-' and e = min(2'^, 2 ■'i) to see that 

l^f (x).P.f,;^^'^[/,^^_^.^,/,^,,^,;ft](x)|<2-i°"^- 
from which (ID.42[) follows easily. 
Assume now that 

j/iVo > > -3j74, j>m, min0-i,j2) > (D.48) 
In this situation, using ()5.18p . we compute that, when ki < ^2, 

<23'=^/2^<Z„,(.)|l/^^^^.^(,s)|U.||4-^,^.^(.)|U.||P,3Ms)IU~ds 
< 2"'3™ . 2~'^++ • 2^'"'^/^ min(l, 2^-^°'^i)2^'-^^'^^*^^^+^^\ 

from which we deduce that 

2^++(2"'= + 2i°'=)2(i+«^"|lPfef„r''^[/^^^^,,/^^^^-Pfc3/i]|U. < 2-'5^-. 
Together with (ID.46P , this finishes the proof in this case. 
Finally, we may assume that 

m/2 -t- iV^fc++ <j <m + D, -lOj < fci , fca < j/K, max(ji , ja) < lOj. 

In this case, we may simply use (jD.4ip to conclude that 

\\Pkf,':;:^'''K,,,JLn'PkML^ < 2-(i+2^)™2-(^°-i)'=++ 

and therefore 

2fc,+(2"'= + 2i«'=)2(i+^)-'ii^f . Pkf:^'''-[fi:,^,,ji,,,-:PkML^ < 2-^™ 

which suffices when combined with (jD.46l) . □ 
Lemma D.5. Assume that t eM. and that f E C°° satisfies /(O) =0 and 

sup |/(^')(x)|<A (D.49) 

x|<l, j<Na+3. 

Let n e H^" be such that 

ll^lli/"o+||e-"^"n|U<l (D.50) 
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for some a G {i,e,b}. Then 

sup(2-(i+"-^)'= + 2^«^-)||Pfc(/(n))|U2 <^.^.„ ||n||^«o + ||e-"^"nb, 
feez 

sup(2-(i/2-/5-")fc + 26'=)(l + i)i+^||Pfe(/(n))||ioo <^,^„ ||n||^«o + ||e-"^'n||z. 
feez 

Proof. We first assume that 

ll"ll//«o + ||e-^*^"n||z = l. (D.51) 
When fc > 0, the lemma essentially follows from the following easy inequalities, 

\\f{u)\\H«o <No \\u\\h«o, and ||a"/(li)||Loo < \\d^u\\L'^. 

This is sufficient for the first inequality; for the second, we first observe that 

2'''\\PkifiP<kn))\\L^<2-' J2 l|5"Pfe(/(^<fe^))IU- ^2-^ \\9ViP<kn)\\L^<il + s)-'-^, 

\a\<7 \a\<7 

while using that 

f{n) - f{P<kn) = / f'{P<kn + sP>k+in)ds ■ P>k+in 
Jo 

we see that 

2'^'=||Pfc[/H - f{P<kn)]\\L^ < 26'=||F>fc+in||Loo < (1 + s)-'-^ 
which is what we wanted. If A: < 0, since / is smooth, we can write 

f{n) = Cm + gin), Ci € M, lim ^ e M. 

n-i-O n 

The linear part clearly verifies the appropriate bounds by (j5.17p . For the nonlinear part, we use that 

\\Pkg{n)\\L'^ < 2'''/'-\\g{^)\\L^ < 2''^^g{n)hi < 2^'/^ 

and 

\\Pkg{n)\\L^<\\n\\l^<{l + s)--'^'+f^^ 
\\Pk9{n)\\L^<2^'^\\^)U^<2"' 

and therefore, we can easily get the bounds when fc < 0. 

In the general case of (jD.501) . we may simply write n — Sh where h satisfy (|D.51I) . Then the Lemma 
follow by changing f(x) S^^f(Sx) which still satisfies (ID.49|) . □ 
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